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]C\ ' Abstract 
CN ; 

Interesting non-linear functions on the phase spaces of classical field theories can never 
^ . be quantized immediately because the basic fields of the theory become operator valued 

CN I distributions. Therefore, one is usually forced to find a classical substitute for such a 

function depending on a regulator which is expressed in terms of smeared quantities and 
i/-^ . which can be quantized in a well-defined way. Namely, the smeared functions define a 

I new symplectic manifold of their own which is easy to quantize. Finally one must remove 

the regulator and establish that the final operator, if it exists, has the correct classical 
limit. 

In this paper we investigate these steps for diffeomorphism invariant quantum field 
Q^' theories of connections. We introduce a generalized projective family of symplectic mani- 

^ • folds, coordinatized by the smeared fields, which is labelled by a pair consisting of a graph 

and another graph dual to it. We show that there exists a generalized projective sequence 
of symplectic manifolds whose limit agrees with the symplectic manifold that one started 
^ ■ from. 

This family of symplectic manifolds is easy to quantize and we illustrate the programme 
outlined above by applying it to the Gauss constraint. The framework developed here is 
the classical cornerstone on which the semi-classical analysis developed in a new series of 
papers called "Gauge Theory Coherent States" is based. 

This article also complements, as a side result, earlier work by Ashtekar, Corichi 
and Zapata who observed that certain operators are non-commuting on certain states 
although the Poisson brackets between the classical functions that these authors based 
the quantization on, vanish. We show that there are other functions on the classical phase 
space which give rise to the same operators but whose Poisson algebra precisely mirrors 
the quantum commutator algebra. 



o 
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1 Introduction 

Quantum General Relativity (QGR) has matured over the past decade to a mathematically well- 
defined theory of quantum gravity. In contrast to string theory, by definition, GQR is a man- 
ifestly background independent, diffeomorphism invariant and non-perturbative theory. The 
obvious advantage is that one will never have to postulate the existence of a non-perturbative 
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extension of the theory, which in string theory has been called the still unknown M(ystery)- 
Theory. 

The disadvantage of a non-perturbative and background independent formulation is, of 
course, that one is faced with new and interesting mathematical problems so that one cannot 
just go ahead and "start calculating scattering amplitudes" : As there is no background around 
which one could perturb, rather the full metric is fluctuating, one is not doing quantum field 
theory on a spacetime but only on a differential manifold. Once there is no (Minkowski) 
metric at our disposal, one loses familiar notions such as causality structure, locality, Poincare 
group and so forth, in other words, the theory is not a theory to which the Wightman axioms 
apply. Therefore, one must build an entirely new mathematical apparatus to treat the resulting 
quantum field theory which is drastically different from the Fock space picture to which particle 
physicists are used to. 

As a consequence, the mathematical formulation of the theory was the main focus of research 
in the field over the past decade. The main achievements to date are the following (more or 
less in chronological order) : 

i) Kinematical Framework 

The starting point was the introduction of new field variables [|l|] for the gravitational 
field which are better suited to a background independent formulation of the quantum 
theory than the ones employed until that time. In its original version these variables were 
complex valued, however, currently their real valued version, considered first in for 
classical Euclidean gravity and later in for classical Lorentzian gravity, is preferred 
because to date it seems that it is only with these variables that one can rigorously define 
the dynamics of Euclidean or Lorentzian quantum gravity [Q. 

These variables are coordinates for the infinite dimensional phase space of an SU{2) 
gauge theory subject to further constraints besides the Gauss law, that is, a connection 
and a canonically conjugate electric field. As such, it is very natural to introduce smeared 
functions of these variables, specifically Wilson loop and electric flux functions. (Notice 
that one does not need a metric to define these functions, that is, they are background 
independent). This had been done for ordinary gauge fields already before in and was 
then reconsidered for gravity (see e.g. 0). 

The next step was the choice of a representation of the canonical commutation relations 
between the electric and magnetic degrees of freedom. This involves the choice of a 
suitable space of distributional connections and a faithful measure thereon which, 
as one can show 0, is cr-additive. The proof that the resulting Hilbert space indeed 
solves the adjointness relations induced by the reality structure of the classical theory as 
well as the canonical commutation relations induced by the symplectic structure of the 
classical theory can be found in |]10|. Independently, a second representation, called the 
loop representation, of the canonical commutation relations had been advocated (see e.g. 
|Tl| and especially |12[ and references therein) but both representations were shown to 
be unitarily equivalent in [l^ (see also fl^ for a different method of proof). 
This is then the first major achievement : The theory is based on a rigorously defined 
kinematical framework. 

ii) Geometrical Operators 

The second major achievement concerns the spectra of positive semi-definite, self-adjoint 
geometrical operators measuring lengths [l^ , areas [|l^, [T^ and volumes [|16], [l^, ^ 



of curves, surfaces and regions in spacetime. These spectra are pure point (discete) and 
imply a discrete Planck scale structure. It should be pointed out that the discreteness 
is, in contrast to other approaches to quantum gravity, not put in by hand but it is a 
prediction ! 



Ill 



Regularization- and Renormalization Techniques 

The third major achievement is that there is a new regularization and renormahzation 
technique ^ for diffeomorphism covariant, density-one- valued operators at our dis- 
posal which was successfully tested in model theories [|^. This technique can be applied, 



in particular, to the standard model coupled to gravity [24, 25| and to the Poincare gener- 
ators at spatial infinity p6|. In particular, it works for Lorentzian gravity while all earlier 

and references 
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proposals could at best work in the Euclidean context only (see, e.g. 
therein). The algebra of important operators of the resulting quantum field theories was 
shown to be consistent [^. Most surprisingly, these operators are UV and IR finite ! No- 
tice that this result, at least as far as these operators are concerned, is stronger than the 
believed but unproved finiteness of scattering amplitudes order by order in perturbation 
theory of the five critical string theories, figuratively speaking, we claim that our pertur- 
bation series converges. The absence of the divergences that usually plague interacting 
quantum fields propagating on a Minkowski background can be understood intuitively 
from the diffeomorphism invariance of the theory : "short and long distances are gauge 
equivalent". We will elaborate more on this point in future publications. The classical 



limit of the above mentioned operators will be studied in our companion paper 28 



iv) Spin Foam Models 



After the construction of the densely defined Hamiltonian constraint operator of |^T], ^ , 
a formal, Euclidean functional integral was constructed in |^ and gave rise to the so- 
called spin foam models (a spin foam is a history of a graph with faces as the history of 
edges) [Q. Spin foam models are in close connection with causal spin-network evolutions 
13^ 



state sum models |32| and topological quantum field theory, in particular BP theory 
|33|| . To date most results are at a formal level and for the Euclidean version of the 



theory only but the programme is exciting since it may restore manifest four-dimensional 
diffeomorphism invariance which in the Hamiltonian formulation is somewhat hidden. 

Pinally, the fifth major achievement is the existence of a rigorous and satisfactory frame- 
work 
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, for the quantum statistical description of black holes which 
reproduces the Bekenstein-Hawking Entropy- Area relation and applies, in particular, to 
physical Schwarzschild black holes while stringy black holes so far are under control only 
for extremal charged black holes. 

Summarizing, the work of the past decade has now culminated in a promising starting point 
for a quantum theory of the gravitational field plus matter and the stage is set to address 
physical questions. In particular, one would like to make contact with the language that 
particle physicists are more familiar with, that is, perturbation theory. In other words, one 
should be able to define something like gravitons and photons propagating on a fluctuating 
quantum spacetime. By this we mean the following : 

Suppose we want to study the semi-classical limit of our quantum gravity theory, that is, a limit 
in which the gravitational field behaves almost classical. This does not mean that we want to 
treat gravity as a background field [HT|, rather we take all the quantum fluctuations into account 



but try to find a state with respect to which those fluctuations (around the Minkowski metric) 
are minimal. With respect to such a "background state" one can study relative excitations of 
the gravitational field (gravitons) or of matter fields (such as photons). 

In order to do this we must first develop an appropriate semi-classical framework which we 



will do in But even before doing this we must examine the following issue which 

seems not to have been sufficiently appreciated throughout the literature so far : 
Namely, the quantum theory is based on certain configuration and conjugate momentum vari- 
ables respectively, specifically holonomy - and electric flux variables. We stress that we use 
here non-standard flux variables not previously considered in the literature. These non-local 



functions on the classical phase space are, in particular, used to regularize more complicated 
composite operators such as the geometrical operators mentioned above. It is already quite 
remarkable that one can remove the regulator without encountering any UV divergencies ! 
However, in order to be convinced that this regulator-free operator really has the correct clas- 
sical limit one has to check, for instance, that it has the correct expectation values with respect 
to semi-classical states. The question arises how such semi-classical states should look hke. 
Now, since the final regulator-free operator is actually only densely defined (since it is usually 
unbounded) one has to employ states which are semi-classical and simultaneously belong to a 
dense subspace of the Hilbert space. The states which belong to the domain of definition of 
the operator are labelled by graphs 7. Given such a graph 7 one can define unambiguously 
holonomies along its edges as the basic configuration operators labelled by 7, however, the 
associated (conjugate) momentum operators are largely ambiguous in the sense that any choice 
of surfaces which are mutually disjoint and are intersected by precisely one edge of 7 gives rise 
to completely identical Poisson brackets between the canonical variables. 

This then leads to the following problem : Suppose we define a semi-classical state by 
requiring that the expectation value of the basic holonomy and electric flux operators associated 
with 7 take certain values and satisfy a minimal uncertainty property. Given a point in the 
classical phase space those values should be the values of the holonomy and fiux functions 
evaluated at that point. However, this makes sense only when we specify the surfaces with 
respect to which we calculate the flux. 

We are thus led to invent a new kind of generalized projective family labelled not only 
by graphs but also by so-called "dual" faces. In particular, we wish to do this already at 
the classical level by introducing a new kind of generalized projective family of symplectic 
manifolds. The idea behind all of this is that these symplectic manifolds enable us to discuss 
in a clean way the quantization procedure and its inverse, the process of taking the classical 
limit : 

1. Classical Regularization 

Suppose we are given a function on the classical phase space (M, fi) , usually a function 
F{m) of the connection and the electric field, m — {A,E). Here M denotes the set of 
connections and electric fields respectively (a differentiable manifold modelled on a Banach 
space, see below) and is a strong symplectic structure on M. As we cannot define A, E 
on our Hilbert space directly as operators, we must first find a substitute F^{m) for F 
which can be written entirely in terms of holonomy and fiux variables associated with 7. 
These variables coordinatize a symplectic manifold {M^,Vt^). We will say that F^{m) is 
a substitute for F(m) provided that 1) F^ converges to F pointwise on M as 7 — cxo (the 
graph becomes infinitely fine, we will specify this limit below) and 2) that the Hamiltonian 
vector field of F^ with respect to Vt^ converges pointwise on M to that of F with respect 
to Vt. 

2. Regularized Operators 

The classical phase spaces (M^, VL^) turn out to be (in)finite direct products of (copies 
of) cotangent spaces over the gauge group G equipped with a non-standard symplectic 
structure and allow for a bona fide quantization by usual geometrical quantization tech- 
niques. By substituting classical variables for operators defined on a subspace Ti^ of the 
Hilbert space and Poisson brackets with respect to by commutators we obtain an 
operator F^ unambiguously defined on up to factor ordering ambiguities. Thus, the 
phase spaces My are much better suited for the quantization of interesting functions F 
on M as they are automatically finite and we have always control that the quantization 
has the correct classical limit on My. In other words, quantization and regularization can 
be neatly separated as individual processes. 



3. Unregularized Operator 

It turns out that for a large class of functions F including the ones of physical interest 
the family of operators so obtained provides an operator F consistently defined on a 
dense subspace of the whole Hilbert space in the sense that its restriction to H-y coincides 
with F^. This will be our candidate for a well-defined continuum operator. 

4. Classical Limit 

In order to study the classical limit of F we introduce a generalized projective family 
of semi-classical states ipt^^^ G labelled by the graph 7, a point in m G M and a 
classicality parameter t (x h. We say that F^ is a quantization of F^{m) provided that 
lim^^o < V^7,m; -^7V^7,m >= F^{m) for each m E M and that F is a quantization of F 
provided that hmj^o [lini7^oo < V'7,m; ^■y'^^,m >] — -^("^) ^or each m G M. 



Theses four steps provide then a closed path of how to go from a classical phase space function 
to an operator and back. As we see, this procedure requires as a classical cornerstone the 
analysis of the phase spaces (M^, Q^) which is the subject of the present paper. In particular, 
one must show that these symplectic manifolds contain a generalized projective sequence that 
can be identified with (M, Q). 



The outline of the paper is as follows : 

In section two we recall a working collection of material from the kinematical framework of 
the theory. 

In section three we derive from the symplectic manifold (M, Q) for gauge theories with 
compact gauge groups (in any dimension and on any (globally hyperbolic) manifold) a gen- 
eralized projective family of (in)finite dimensional symplectic manifolds (M^, Q^) labelled by 
graphs 7 embedded in that manifold. We show that the generalized projective limit symplec- 
tic manifold of a certain generalized projective sequence agrees with the standard symplectic 
manifolds (M, f2) for gauge theories (weighted Sobolev spaces). The purpose of doing this is 
that the generalized family of symplectic manifolds is much better suited to quantization than 
the standard gauge theory phase space as outlined above. 

In section four we propose a substitute for an important function G on the phase space 
of any gauge theory, namely the Gauss constraint and show that G^ converges to G pointwise 
on M in the generalized projective limit. 

In section five we derive the quantization of (M^,fi^) and G^. We show that G^ is a 
consistently defined system of cylindrical projections of an operator G whose constraint algebra 
closes without anomalies. Finally we sketch the last step of the above programme applied to 
G concerning the classical limit. The proof that this step can be completed will be found in 
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In section six we complement earlier results obtained by Ashtekar, Corichi and Zapata p5| 



These authors considered certain classical functions F on M and quantized them using f2 as a 
starting point. They obtained operators F this way which do not commute on certain states 
G Ti-y although the classical functions F have vanishing Poisson brackets (with respect to Q) 
among each other. This seeming quantum "anomaly" was explained by pointing out that the 
connection and electric field of the theory are smeared with distributional rather than smooth 
test functions. If one uses a smearing with smooth functions then the "anomaly" vanishes, 
allowing the interpretation that the Poisson brackets of the unsmeared fields is non-vanishing, 
proportional to a distribution with support contained in a measurable subset of Lebesgue 
measure zero which is therefore detectable only when smearing with distributional smearing 
functions. This interpretation therefore removes the apparent contradiction. However, then one 



notices that this extended Poisson bracket does not close in an obvious way (the Jacobi identity 
is not obeyed in an obvious way). This was shown not to be an obstacle to quantization by 
recalling that it is not necessary to base the quantization on Poisson brackets but that one can 
instead base it on the Lie algebra of vector fields on M which always obey the Jacobi identity 
and is always closed. 

We show that the non-commutativity of these operators has a natural explanation from the 
point of view of the symplectic manifolds (M^, : 

1) We observe that we can find, for each of the above choices of 7, functions ^ F which can 
be considered as functions on as well. Furthermore, the functions F^ do have non-vanishing 
Poisson brackets among each other, both with respect to VL and with respect to Vl^ (actually, 
their brackets with respect to Vt^ follow from those with resepct to Vt). 

2) The quantization of these new functions is such that F^ and F agree on Ti^. 

3) The commutator algebra of the F on Ti^ is precisely the one to be expected from the Poisson 
bracket structure of the F^. 

In conclusion, the unexpected non-commutativity observed in [^] can be related to a quan- 
tization ambiguity. If we insist on a Poisson bracket - comutator correspondence principle, 
however, then one cannot accept the F as classical limit of F but must instead consider the F^. 

Finally, in an appendix we write the symplectic structure Vt^ for G = U{1), SU{2) in the 
language of differential forms which could be useful for future research. 



2 Preliminaries 

In this section we will recall the main ingredients of the mathematical formulation of diffeo- 
morphism invariant quantum field theories of connections with local degrees of freedom in any 
dimension and for any compact gauge group. See and references therein for more details. 



Let G be a compact gauge group, S a Z^— dimensional manifold which admits a principal 
G— bundle with connection over E. Let us denote the pull-back to S of the connection by local 
sections by where a,b,c,.. = l,..,D denote tensorial indices and i,j,k,.. = l,..,dim(G) 
denote indices for the Lie algebra of G. We will denote the set of all smooth connections by A 
and endow it with a globally defined metric topology of the Sobolev kind 

d,[A, A'] := \/-^ J^dDx^et{p)ixM[A, - A'J(x)[A - A',]{x))p-^{x) (2.1) 

where tr(rjrj) = —N6ij is our choice of normalization for the generators of a Lie algebra Lie{G) 
of rank and our conventions are such that [tj, tj] = 2/jj ^r^ define the structure constants of 
Lie{G). Here pab is a fiducial metric on S of everywhere Euclidean signature. In what follows 
we assume that either D ^ 2 { for D = 2, (|2.1|) depends only on the conformal structure of p 
and cannot guarantee convergence for arbitrary fall-off conditions on the connections) or that 
D = 2 and the fields A are Lebesgue integrable. 

Let Pq be the set of all piecewise analytic, oriented graphs 7 embedded into S and denote 
by -£^(7) and ^(7) respectively its sets of oriented edges e and vertices v respectively. One can 



extend the framework to certain, tame piecewise smooth graphs ^ but the description 
becomes more complicated and we refrain from doing this here. More important is the extension 
to infinite piecewise analytical graphs P^ about which much will be said in the first reference 



of For the purpose of this paper it will be sufficient to stick to Pq which is sufficient, e.g. 



if E is compact. All the properties that are derived here for Pq readily extend to P^ as one can 
easily check. 

We denote by he{A) the holonomy of A along e and say that a function / on ^ is cylindrical 
with respect to 7 if there exists a function on G^^^"'^^ such that / = p*/^ = f ° P-y where 



P-y{A) = {he{A)}ei^E{'y)- The set of such functions is denoted by Holonomies are invariant 
under reparameterizations of the edge and in this article we take edges always to be analytic 
diffeomorphisms between [0, 1] and a one-dimensional submanifold of S. Gauge transformations 
are functions g : S i— >■ G; x i— g{x) and they act on holonomies as he ^ g{e{0))heg{e{l))~^ . 
A particularly useful set of cylindrical functions are the so-called spin-netwok functions 
ITSf. A spin-network function is labelled by a graph 7, a set of irreducible representations 
TT = {'n'e}eeE{-y) (choosc from each equivalence class of equivalent representations once and for all 
a fixed represent ant), one for each edge of 7, and a set c = {cv}vev('y) of contraction matrices, 
one for each vertex of 7, which contract the indices of the tensor product ®e€E{-y)'^e{he) in 
such a way that the resulting function is gauge invariant. We denote spin-network functions 
as Tj where / = {7, tt, c} is a compound label. One can show that these functions are linearly 
independent. 

The set of finite linear combinations of spin-network functions forms an Abelian * algebra 
B of functions on A. By completing it with respect to the sup-norm topology it becomes an 
Abelian C* algebra (here the compactness of G is crucial). The spectrum A of this algebra, that 
is, the set of all algebraic homomorphisms B € is called the quantum configuration space. 
This space is equipped with the Gel'fand topology, that is, the space of continuous functions 
C°(^) on A is given by the Gel'fand transforms of elements of B. Recall that the Gel'fand 
transform is given by f{A) := A{f) \/A G A. It is easy to see that A with this topology is a 
compact Hausdorff space. Obviously, the elements of A are contained in A and one can show 



that A is even dense ||50|. Generic elements of A are, however, distributional. 

The idea is now to construct a Hilbert space consisting of square integrable functions on A 
with respect to some measure fi. Recall that one can define a measure on a locally compact 
Hausdorff space by prescribing a positive linear functional on the space of continuous func- 
tions thereon. The particular measure we choose is given by Xfioi'^i) = 1 if / = {{p}, 0, 1} and 
Xfj,o{Ti) = otherwise. Here p is any point in S, denotes the trivial representation and 1 
the trivial contraction matrix. In other words, (Gel'fand transforms of) spin-network functions 
play the same role for /iq as Wick-polynomials do for Gaussian measures and like those they 
form an orthonormal basis in the Hilbert space Ti. := L2{A, dfio) obtained by completing their 
finite linear span $. 

An equivalent definition of A, fio is as follows : 

A is in one to one correspondence, via the surjective map H defined below, with the set 
A := }iom{X,G) of homomorphisms from the groupoid X of composable, holonomically in- 
dependent, analytical paths into the gauge group. The correspondence is explicitly given by 
A 3 A e B.om{X,G) where X 3 e H^{e) := A{he) = he{A) e G and he is the 

Gel'fand transform of the function A3 A he{A) G G. Consider now the restriction of X to 
X^, the groupoid of composable edges of the graph 7. One can then show that the projective 
limit of the corresponding cylindrical sets A^ := B.om{X^,G) coincides with A . Moreover, we 

have {{H{e)}e^E{'yy, H e = {{HAie)}eeEM; A e A} = Gl^^L Let now / G i3 be a 
function cylindrical over 7 then 



Xfioif) = J-dfIo{A)f{A) = J^^^^^^^ ®eeE{^)dflH{he)fj{{he}eeE{^)) 

where hh is the Haar measure on G. As usual, A turns out to be contained in a measurable 
subset of A which has measure zero with respect to fiQ. 

This concludes the definition of the kinematical Hilbert space Ti, of the quantum configu- 
ration space A and of the classical configuration space. What about the classical and quantum 
phase space ? This question has actually so far not been analysed satisfactorily in the literature, 
partial results are scattered over a number of papers. We therefore begin the next section with 
this issue. 



3 Symplectic Manifolds Labelled by Graphs 



3.1 Standard Continuum Symplectic Structures 

Let us first recall the usual infinite dimensional symplectic geometry that underlies gauge the- 
ories. 

Let be a Lie algebra valued vector density test field of weight one and let /* be a Lie 
algebra valued covector test field. Let, as before Al^ be a the pull-back of a connection to S 
and consider a vector bundle of electric fields, that is, of Lie algebra valued vector densities of 
weight one whose bundle projection to S we denote by E^. We consider the smeared quantities 

F{A) := d''xF^A\ and := d'^xEUl (3.1) 

While both are diffeomorphism covarinat it is only the latter which is gauge covariant, one 
reason to consider the singular smearing functions discussed below. The choice of the space of 
pairs of test fields (F, f) E S depends on the boundary conditions on the space of connections 
and electric fields which in turn depends on the topology of S and will not be specified in what 
follows. 



Consider the set M of all pairs of smooth functions (A, E) on S such that (3J-) is well 
defined for any (F, /) G S. We wish to endow it with a manifold structure and a symplectic 
structure, that is, we wish to turn it into an infinite dimensional symplectic manifold. 

We define a topology on M through the metric : 

d,A(A,E)M',E')] 



N wdet(a) 



i 

where pab-, (Jab are again fiducial metrics on S of everywhere Euclidean signature. Their fall-off 
behaviour has to be suited to the boundary conditions of the fields A, E at spatial infinity. 
Notice that the metric ( |3.2| ) is gauge invariant (and thus globally defined) and diffeomorphism 
covariant and that dp^„[{A, E), {A', E')] = dp[A, A'] + d^[E, E'] (recall (|2l|)). 

Now, while the space of electric fields in Yang-Mills theory is a vector space, the space of 
connections is only an affine space. However, as we have also applications in general relativity 
with asymptotically Minkowskian boundary conditions in mind, also the space of electric fields 
will in general not be a vector space. Thus, in order to induce a norm from ( p.2| ) we proceed as 
follows : Consider an atlas of M consisting only of M itself and choose a fiducial background 
connection and electric field A^^\E^^^ (for instance A^'^^ = 0). We define the global chart 



M^£; {A, E)^{A- A^^\ E - F^")) (3.3) 



of M onto the vector space of pairs (A — A^^\ E — F*^°)). Obviously, <y9 is a bijection. We 
topologize S in the norm 

\\{A - AW, F - F(°)) 1 1,. := ^dp4{A,E),{AW,EW)] (3.4) 



The norm ( |4.4| ) is of course no longer gauge and diffeomorphism covariant since the fields 
^(0)^^(0) not transform, they are backgrond fields. We need it, however, only in order to 
encode the fall-off behaviour of the fields which are independent of gauge - and diffeomorphism 
covariance. 

Notice that the metric induced by this norm coincides with ( |3.2| ). In the terminology of 
weighted Sobolev spaces the completion of £ in the norm (|3.4|) is called the Sobolev space 



Hip X iJp^.i, see e.g. [0. We will call the completed space £ again and its image under 
(/}~^, M again (the dependence of Lp on {A'^'^\ E^'^'^) will be suppressed). Thus, £^ is a normed, 
complete vector space, that is, a Banach space, in fact it is even a Hilbert space. Moreover, 
we have modelled M on the Banach space that is, M acquires the structure of a (so far 
only topological) Banach manifold. However, since M can be covered by a single chart and 
the identity map on £ is certainly C°°, M is actually a smooth manifold. The advantage of 
modelling M on a Banach manifold is that one can take over almost all the pleasant properties 
from the finite dimensional case to the infinite dimensional one (in particular, the inverse 
function theorem). 

Next we study differential geometry on M with the standard techniques of calculus on 



infinite dimensional manifolds (see e.g. ||52| , Q). We will not repeat all the technicalities of the 



definitions involved, the interested reader is referred to the literature quoted. 

i) A function / : M i-^ (D on M is said to be differentiable at m if := / o i^^^ : £ ^ is 
differentiable at m = ip{m), that is, there exist bounded lmea.T operators Dgu, RQu '■ £ ^ ^ 
such that 

giu + f ) — giu) = (Dgu) ■ v + iRgu) ■ v where lim ^^"^^"1, = . (3.5) 

IklHo \\v\\ 

Dfm '■= Dgu is called the functional derivative of / at m (notice that we identify, as 
usual, the tangent space of M at m with £). The definition extends in an obvious way 
to the case where (D is replaced by another Banach manifold. The equivalence class of 
functions differentiable at m is called the germ G{m) at m. Here two functions are said 
to be equivalent provided they coincide in a neighbourhood containing m. 

ii) In general, a tangent vector f ^ at m G M is an equivalence class of triples [U, (f, Vm) 
where [U, ip) is a chart of the atlas of M containing m and Vm G £. Two triples are 
said to be equivalent provided that = D{ip' o (p~^)^(^rn) ■ Vm- In our case we have only 
one chart and equivalence becomes trivial. Tangent vectors at m can be considererd as 
derivatives on the germ G{m) by defining 

Vmif) ■■= {Dfm) ■ Vm = {D{f O V5~^)^(m)) " (3.6) 

Notice that the definition depends only on the equivalence class and not on the rep- 
resentant. The set of vectors tangent at m defines the tangent space Tm{M) of M at 
m. 

iii) The cotangent space T^{M) is the topological dual of Tm{M), that is, the set of continuous 
linear functionals on Tm{M). It is obviously isomorphic with £', the topological dual of £. 
Since our model space £ is refiexive (it is a Hilbert space) we can naturally identify tangent 
and cotangent space (by the Riesz lemma) which also makes the definition of contravariant 
tensors less ambiguous. We will, however, not need them for what follows. Similarly, one 
defines the space of p— covariant tensors at m G M as the space of continuous p— linear 
forms on the p— fold tensor product of Tm{M). 

iv) So far the fact that £^ is a Banach manifold was not very crucial. But while the tangent 
bundle T(M) = UmGM^m(^) carries a natural manifold structure modelled on £ x £ for 
a general Frechet space (or even locally convex space) £ the cotangent bundle T'{M) = 
UmeMTl^{M) carries a manifold structure only when £^ is a Banach space as one needs 
the inverse function theorem to show that each chart is not only a differentiable bijection 
but that also its inverse is differentiable. In our case again there is no problem. We 
define differentiable vector fields and p— covariant tensor fields as cross sections of the 
corresponding fibre bundles. 



v) A differential form of degree p on M or p— form is a cross section of the fibre bundle of 
completely skew continuous p— linear forms. Exterior product, pull-back, exterior differ- 
ential, interior product with vector fields and Lie derivatives are defined as in the finite 
dimensional case. 



Definition 3.1 Let M be a differentiahle manifold modelled on a Banach space £. A weak 
respectively strong symplectic structure fl on M is a closed 2-form such that for all m & M the 
map 

: T^(M) ^ T4(M); Vm ^ n{v„,, .) (3.7) 
is an injection respectively a bijection. 

Strong symplectic structures are more useful because weak symplectic structures do not allow 
us to define Hamiltonian vector fields through the definition DL + i^L^ = for differentiable 
L on M and Poisson brackets through {f,g} '■= Q^Xf^Xg)- Thus we define finally a strong 
symplectic structure for our case by 



fi((/,F),(r,F')) := jj''x[F^-i:-Fffl]{x) {31 



for any (/, F), (/', F') G S. To see that f2 is a strong symplectic structure we observe first that 
the integral kernel of Q is constant so that Q is clearly exact, so, in particular, closed. Next, let 
9 & £' = £. To show that f2 is a bijection it suffices to show that it is a surjection (injectivity 
follows trivially from linearity). We must find {f,F) & S so that 6{.) = Q{{f,F), .). Now by 
the Riesz lemma there exists {fg,Fg) e S such that 9{.) =< {fo,FQ), . > where < ., . > is the 
inner product induced by (p.4|). Comparing (|3^ ) and ( p.8D we see that we have achieved our 
goal provided that the functions 

Ft := p-'Jd^)fl„ fl := -^^F^e (3-9) 



/det(p) 

are elements of £. Inserting the definitions we see that this will be the case provided that 



the functions p^'^acaO'db/ ydet{p) and det{p)acdP'^P^''/ydet{a) respectively fall off at least as 
Cab/ \/(iet{a) and p"'^Jdet{p) respectively. In physical applications these metrics are usually 



chosen to be of the form 1 + 0(l/r) where r is an asymptotical radius function so that these 
conditions are certainly satisfied. Therefore, (/, F) E S and our small lemma is established. 

Let us compute the Hamiltonian vector field of a function L on our M. By definition for 
all (/, F) e S we have at m = {A, E) 

DL^ ■ if, F)= f d''x[{DL^YJl + {DL^)\Ft] = - f d''x[{xLmTj: - {XLmtFt (3.10) 

thus (xl)? = ~{DL)'} and {xiYa = {DLy^. Obviously, this defines a bounded operator on S if 
and only if L is differentiable. Finally, the Poisson bracket is given by 

{L, L'U = ^iXL, XL') = I d''x[{DL„:)\{DL'Jt - {DL^)t{DL'J\] (3.11) 

It is easy to see that Vl has the symplectic potential G, a one-form on M, defined by 

a^((/,F))= / d^xEtfl (3.12) 



smce 



De„((/, F), (/', F')) := (D(e„) ■ (/, F)) ■ if, F') - (D(0„) ■ (/', F')) ■ (/, F) 



and DE^{x)m ■ (/, F) = F°-{x) as follows from the definition. 

Coming back to the choice of S, it will in general be a subspace of S so that (|3.1| ) still 
converges. We can now compute the Poisson brackets between the functions F{A), E{f) on M 
and find 

{E{f), E{f')} = {F{A), F\A)} = 0, {E{f), A{F)} = F{f) (3.13) 

Remark : 

In physicists notation one often writes (DLmYaix) := jjrj^ etc. and one writes the symplectic 
structure as = / d^x DEf{x) A DA'^{x). 

3.2 New Symplectic Structure 

As outlined in the introduction we wish to define symplectic manifolds (M^, for every 
7 G r which "in some sense come from (M, In order to do this we need besides graphs 
new extended objects associated with them. This is the topic of the following subsubsection. 
The class of graphs 7 that we have in mind consists of the set of piecewise analytic, a-finite 
graphs. These are graphs with an at most countable number of edges and such that for every 
compact subset U of the locally compact manifold S the restriction [/n7 is a piecewise analytic, 
finite graph in Fq. The precise definition of these graphs and their properties as well as the 
extension of the quantum kinematical framework to them needs the framework of the infinite 
tensor product of Hilbert spaces and will therefore be postponed to the first reference of . 
For the rest of this paper one may without doing any mistake think of 7 as an element of Fq . 

3.2.1 Dual Polyhedral Decompositions 

Definition 3.2 A polyhedral decomposition P of H is a subdivision of S into closed compact 
regions A, that is = UagpA, each of which is difjeomorphic to a polyhedron in flat space 
and intersects any other polyhedron only in the set of points of their common boundary (of 
codimension at least one). 

Note that we allow for decompositions with a countably infinite number of polyhedra in case 
that S is not compact. We also do not insist that the decomposition be convex as this would 
require the choice of a background metric (rather of a diffeomorphism invariance class because 
convexity is defined by geodesity of curves which is a diffeomorphism invariant notion). 

Definition 3.3 Let P be a polyhedronal decomposition of S, pick any polyhedron A E P and 
consider its boundary dA. 

i) A face S of A (a maximal, connected, analytic subset of its boundary of codimension one) 
is called a "standard face" provided that 

1) S is a submanifold of 11 of codimension one, diffeomorphic to a standard cube [—1, l]^"-"^ in 

2) S has no boundary, dS = 0, i.e. it is open. 

3) S is contained in the domain of a chart ofH. 

4) S is maximal, that is, there does not exist any S' C dA properly containing S which satisfies 
1), 2) and 3). 

a) As S is an open submanifold of S of codimension one and for some A G P, S G dA is 
contained in the domain of a chart {U, (p) of an atlas of S there exists an open subset V <ZU 
containing S , divided by S into two halves and a diffeomorphism ip' that maps V, S respectively 
to and the hypersurface x^ = respectively. An orientation of S is given by a choice of 
which of the half spaces or "sides" given by the set of points satisfying x^ > or x^ < we 
call "up" or "down". 

Hi) A polyhedronal decomposition of H is said to be oriented provided the collection of all 
its standard faces have been oriented. 



This definition just formalizes tlie intuitive idea of a face of a polyhedron with a regular shape. 
Notice that a face is always shared by precisely two polyhedra of the decomposition. In D=l,2,3 
respectively simplicial polyhedra are given by closed lines, triangles and tetrahedra respectively 
and their faces are open points, lines and triangles respectively. The notion of an orientation 
is clearly independent of the chart employed. Also, faces are always orientable even if E is not 
orientable and even if S is orientable the orientation of a face can be opposite to the orientation 
induced from T, on S ( submanifold) . 

Definition 3.4 Given a graph 7 G F we say that an oriented, polyhedral decomposition P of 
S is dual to 7 provided that : 

1 ) Given an edge e of 'y there exists precisely one standard face from the collection of all 
faces of all the polyhedra of the decomposition which is intersected by e. 

2) The edge e intersects transver sally, that is, a) {pe\ := e fl S'e consists of a single point 
which is an interior point of e (it is necessarily an interior point of Se since Se is open) and b) 
there exists an open neighbourhood V of pe and a diffeomorphism which maps V to R^, pe to 
the origin of R^, S'e fl to the plane = and eCiV to the line x^ = .. = x^'^ = 0. 

3) The orientations of Se and e agree, that is, if under the diffeomorphism outlined in 2) the 
edge points into the half space x^ > or x^ < respectively then that half space corresponds 
to the "up " side of ■ 

4 ) The decomposition is irreducible, that is, one cannot reduce the number of polyhedra of the 
decomposition (by removing faces) without destroying at least one of the properties l)-3). 

Dual decompositions certainly exist in any dimension : A first example is given by a cubic 
lattice in any dimension (every vertex is 2D-valent) where we assume that S has no bound- 
ary (periodic boundary conditions). The dual lattice is unique up to diffeomorphisms and 
corresponds to D-cubes around every vertex. A second example (again with periodic bound- 
ary conditions) is given by a simplicial lattice (every vertex is (D+l)-valent) and corresponds 
to a simplicial decomposition with D-simplices around every vertex. Again the dual lattice 
is uniquely determined up to diffeomorphisms. Whether or not this uniqueness is a general 
feature of dual decompositions is not clear but we have the following. 

Theorem 3.1 Given a graph 7 G F, a dual, oriented, polyhedral decomposition of it exists 
and it is unique up to diffeomorphisms and up to the number of possibilities to obey the Euler 
(or Dehn-Sommerfeld in D ^ ?>) relation for the various polyhedra under the reduction process. 

Proof of Theorem : 
Existence : 

Given a graph 7 consider for each vertex v a closed neighbourhood of v such that the 
various are mutually disjoint to begin with. Moreover, we can choose them to be closed 
balls such that their boundaries have the topology of the sphere. Now distort the along 
the edges e incident at v without changing their topology until for any edge e with end points 
V, v' the U^, U-u' intersect in precisely one point p^. which is obviously an interior point of e, 
otherwise they are mutually non-intersecting. Now blow up the even more, keeping the 
Pe fixed until each looks like a solid ball with a spherical boundary except for n{v) cusps 
Se of the topology of cubes [—1, with the Pe as an interior point. S'e is the only set in 
which Uy, Uyi, {v,v'} = de intersect. By shifting the Pe and varying the size of the cusps we 
can achieve that the Se are mutually non-intersecting, contained in the domain of a chart and 
intersect e transversally. We can therefore equip them with an orientation that agrees with that 
of e. Altogether, the [/„ have now mutated to polyhedrons with n{v) open, smooth standard 
faces Se, V E de and the additional closed connected component of its boundary consisting 
of Sy := dUy — Uy^QeSe ■ Fiually, consider the polyhedronal decomposition of S consisting of 
the Uy and the remainder S — UyUy. This decomposition satisfies all the properties of a dual 



decomposition except, possibly, for the irreducibility requirement. To satisfy it, we remove the 
faces by letting the 5*6 share their boundaries, as long as compatible with the Euler relation 
||54|| between the number of connected components of all possible subcomplexes of a polyhedron. 
(For instance, in D=3 the relation is given hjf = k — e + x where /, k, e denotes the number 
of faces, links and corners of a polyhedron and x is essentially the Euler characteristic of the 
manifold that the polyhedron triangulates). That this is always possible follows by the lemma 
of choice (or Zorn's lemma). 
Uniqueness : 

The constructive proof just given just has just fixed the topology of the final dual polyhedronal 
decomposition reached and is therefore unique at most up to diffemorphisms. Morover, the 
number of possible irreducible decompositions reachable obviously equals the number of possi- 
ble solutions to the just mentioned Euler relation. 
□ 

The non-uniqueness of does not affect us because we will use only the which are de- 
termined up to diffeomorphisms. 

Notice that on the other hand, if we are given an oriented cellular decomposition of S 
into polyhedra with open faces, there is, up to diffeomorphism equivalence, only one graph 
such that the decomposition is dual to it. This follows easily from the fact that there is no 
choice but choosing an interior point of each polyhedron and connecting common faces between 
polyhedra with transversal edges running between the corresponding interior points with the 
obvious orientation. 

From now on we pick for each graph 7 an oriented, polyhedral, dual decomposition P^. By 
theorem |3.1| we can do this in such a way that, if 7 7^ 7' are diffeomorphic, then P^, Py are 
diffeomorphic. Notice, however, that it is not possible to require that for any diffeomorphism cp 
we have Py,{-y) = '^{P-y) since there are many diffeomorphisms, say ipi, ip2 such that (pi{'j) = ¥^2(7) 
but (^i(P^) ^ ^2(^7)- 

Also, a word of caution is appropriate with respect to refinements : The set F is partially 
ordered by inclusion and for each pair 7, 7' there exists a bigger (refined) graph 7 containing 
both of them, for instance the graph 7 U 7'. However, in general it will not be true that there 
exists a refined graph such that P^, Py are both contained in P^. This can happen only if the 
graphs under consideration have a high degree of symmetry as e.g. cubic lattices as one can 
show. 

3.2.2 The Graph Phase Space From the Continuum Phase Space 

We are now ready to derive a symplectic manifold (M^, Q^) for each 7 G F from the standard 
symplectic manifold (M, Q) considered in the beginning of this section. 

Definition 3.5 

i) Let So be the interior of the subset [—1,1]^^^ C in the = plane with normal 

orientation into the > direction. Let po = be the origin in and cq be the interval 
[—1/2,1/2] of the x^-axis. Let xq e 5*0 and define po{xo) to be the straight line within Sq 
connecting po and xq. 

a) Given a graph 7 and a dual polyhedronal decomposition P^, we call a collection of paths 
liry := {pe{,x) C Se'jX & Se}e£E{-y) adapted to 7, Py provided there exists for each e G -£'(7) an 
analytic diffeomorphism ip^ '■ ^ S such that 

{e,Se,Pe,X,Peix)) = ((/^e (Cq) , V^e (5'o) , V^e (Po) , V5e(a;o) , V^e (PO (^^o) ) (3.14) 

We will denote the set of triples (7, P^, 11^) by or C where * = 0, a depends on the class of 
the graphs that we allow. The elements I G C will be called structured graphs. We also use the 



notation I = (7(/), P^(Z), n^(Z)). 

in) Given a structured graph I, let w.l.g. pe = e(l/2). 
Then we define the following function on (M, Q) 

P^A, E) := -ltr(r,/.e(0, 1/2)[|^^ V(-) * E{x)h~\,^]K{Q, 1/2)-^) (3.15) 

where he{s,t) denotes the holonomy of A along e between the parameter values s < t, * denotes 
the Hodge dual, that is, *E is a {D — l)—form on Hand E°- := EfTi. 



Notice that in contrast to similar variables used earlier in the literature the function P/ is 
gauge covariant. Namely, under gauge transformations it transforms as P'^ i— *• g{e{0))P^g{e{0))~^ , 
the price to pay being that depends on both A and E and not only on E. As we will see 
shortly, this is actually an advantage. Of course, the notation (|3.15| ) is abusing as P^ not only 



depends on e but actually on Se, pe{x), x G Se- In the sequel, unless confusion can arise we will 
continue abusing notation and write 7 instead of /. 

The problem with the functions he{A) and Pf{A, E) on M is that they are not differentiable 
on M, that is, Dhe, DP^ are nowhere bounded operators on £ as one can easily see. The 
reason for this is, of course, that these are functions on M which are not properly smeared with 
functions from iS, rather they are smeared with distributional test functions with support on e 
or Se respectively. Nevertheless one would like to base the quantization of the theory on these 
functions as basic variables because of their gauge and diffeomorphism covariance. Indeed, 
under diffeomorphisms the structured graph / is simply replaced by 

= (V5"^(e),V5"^(5'e), {V5"^(pe(a;)); X e Se})e&E{^) (3.16) 

which is a structured graph again and in this sense he /i<^-i(e),Pf Pf Furthermore, 
their quantizations are properly represented on the Hilbert space described in section ^ as we 
will see. The fact that the smearing dimensions of and P/ add to D raises some hope that 
one can still derive a bona fide Poisson algebra among these variables. We therefore define 

Definition 3.6 The set of pairs {he{A)^ Pi {A, -E))ee£;(7) '^(^i"'^^^ over M will be denoted 

by M^\M. We also define = {G x Lte{G)y^^^^l 

It is easy to see that M^\m is generically a proper subset of M^. Indeed, since the edges e are 
mutually disjoint among each other except for the vertices we can find a smooth connection 
with support in disjoint open neighbourhoods Ue, one for each e, such that e fl t/g is an open 
segment of e. The holonomy along those segments can be given independent values since 
we can vary the behaviour of A in each Ug independently and arbitrarily without destroying 
smoothness. Similar considerations hold for the momenta P/. The range of these values is, 
however, constrained by the boundary conditions imposed by the fact that {A, E) are points in 
a classical phase space subject to fall-off conditions. The bar in the notation accounts for 
the fact that the points of do not satisfy such regularity assumptions similar as in the case 
of A^. 

We equip a subset of with the following natural topology : Let (wj, 0i)ig/ be an 
atlas of G where J is a finite index set (always possible since G is compact). For instance the 
Ui could be preimages of open sets in ]|{,'^™('^) under the exponential map which is locally a 
diffeomorphism between G and Lie{G). Since Lie{G) is topologically trivial we can construct 
an atlas of G x Lie{G) by [Ui = Ui x Lie{G), = (pi x id) where id denotes the identity map 

can be given the differentiable structure defined by the atlas 



{Xe^E('r)Ui^, Xee£;(-y)$iji^g/ 



(3.17) 



which displays as a Banach manifold modelled on £^ = 5{,2<i™(G')l'^('>')l. is equipped with 
the norm 

\\{Xe,ye}eGE{y)\\p,a-= [Pe'^^^e^^e + CXf^-?/*?/!] (3.18) 

where pl^,crfj are metrics of Euclidean signature for each e. Obviously, then is a proper 
subset of M^. 
Remark : 

A connection between (|3.18|) and (|3.2| ) can be given on certain graphs as follows : The idea 



is that ( |3.18| ) is a discretization of ( p.2| ) so that they eqaul each other in the limit of an 
infinitely fine graph. Consider for simplicity S = (the generalization to arbitrary E is 
straightforward with the tools of the next subsection) and consider a lattice 7 of regular cubic 
topology. Then edges can be labelled a.s t ei{v,t) where v = e/(f, 0) is a vertex and 
/ = 1, ..,D. Let edges be images of the interval t G [0,e] and define Yf-{v) = e"(f,0), ?T,^(t>) = 
XD^eab,..bn-^^'-''-'''~'Y^^iv)..YS;^:'^{v). We now choose pfj = 5,,/(e), a'J = 5'^g{e) for some 
functions f,g : -£^(7) lH and choose the e/(f) in such a way that 



T.fMv)))Ynv)Y^{v) = e^~\,/d^)p^'')iv) and 9{ei{v))ni{v)ni{v) = e-^^-'^a^^/ ^^)){v) 



I I 



the metrics of (|3.2| ) result. It is then easy to see that with := — j^tT{Tihf.{A)he{A') y\ 
Pi {A, E) — Pi {A', E') the resulting metric ( |3.18| ) converges to the metric ( p.2| ). 



In order to proceed and to give a symplectic structure derived from that of M one must 
regularize the elementary functions so that one can use the symplectic structure fi, then study 
the limit in which the regulator is removed and hope that the result is a well-defined symplectic 
structure VL^. We choose the following regularization : 

Given an edge e we define a tube T'^ around e to be a foliation oi D — Idimensional surfaces 
which are topologically discs. Let : D ^ be a one-parameter family of smooth functions 
which tends to the (5-distribution on the unit disc D. Recall that the holonomy of a smooth 
connection can be written as the path ordered exponential 

he{A) = 1 + E / dtn dtn-i.. / dhA{ti)..A{tn) (3.19) 
Jo Jo Jo 

where A(t) = e'^(t)A^(e(t))rj/2. We define the holonomy smeared over the tube by 

KiA) = l + Y^ f'dtn t" dtn-1.. r dh I d''-^yj,{y^).. f d''-%Uyi)Ay,{ti)..AyM 
~i^Jo Jo Jo Jd Jd 

(3.20) 

where Ay{t) = e^(t)v4^(ey(t))ri/2 and D x [0, 1] ^ T"; {y,t) ^ ey{t) defines the tube with 
the convention that eo{t) = e(t). 

Likewise, let i?^ be a region foliated by surfaces diffeomorphic to S*^. Let X : V ^ 
5^; u := (ui, ..,M£)-i)) ^ ^{u) be a parameterization of S*^ where V is an open submanifold 
of R^ of dimension D — 1. Furhermore, let [—1, 1] x i-^ R^; (s, m) t-^ Xs{u) define i?^ with 
the convention that Xq{u) = X{u). Let g^^ be a one parameter family of smooth functions 
which tends to the 5-distribution on the interval [—1,1] as e 0. Also, define pl{x) to be 
paths in XgiV) = between Pe{s) = Xs(0) = e fl XgiV) and x G XgiV) and let be a 
reparameterization of e such that 6^(1/2) = pi. Here we assume w.l.g. that all the surfaces 
5*1, s G [—1, 1] satisfy the conditions that the surface Sg has to satisfy. We can now define 

i^^,(A,E):=-ltr(r,/i,,(0,l/2)[|^^V.(x)*^(a;)^t(x)]^e. (0,1/2)-^) (3.21) 



and then 

dsg,{s)Pl, (3.22) 

-1 

Notice that the holonomies involved in ( |3.22| ) remain unsmeared as compared to ( |3.2CI|) . We 
could improve this by an additional smearing, preserving gauge covariance, but it would just 
blow up the subsequent calculations and would not change the end result. The careful reader 
is invited to fill in the missing details. 

Apart from these details, the functions (|3.20| ) and (|3.22|) are now written as functions of 
the variables F{A), E{f) where F, f are of the form F^{x) = XT<'{^){fe{y)^l{t)^i)x=ey(t) and 

fai^) = XR4x)i9eis)eab^..bo-iXsluM)-^s%o-i(^)^i)^=^s{u) for somc j and are thus certainly 
elements of S. It follows that the smeared functions are functionally different iable. Moreover, 
by construction, the smeared objects converge pointwise on M to the unsmeared objects, that 
is 

\im UhliA))^n - {he{A))AB)\ = \im \Pr{A,E) - P^A, E)\ = (3.23) 
for all {A, E) E M, i = 1, .., dim(G), A, B where A, B, .. denote group indices. 
Theorem 3.2 The smeared variables allow us to define the following bracket {., .}^ on : 

{he.he'}^ := lim {/i^i, /i^?} = (3.24) 

ei,e2-+0 

{i^^/^e'}, := \im\im{Pr\h^^} = 5f-}-K (3.25) 

{Pt.Pf}, := hm m-\i^^'-} = -5-7./n^ (3.26) 

where {.,.} is the bracket on M and convergence is meant here and in what follows to be 
pointwise on M. 

Notice that we do not yet call {., a Poisson bracket since we must check that it qualifies as 
a (strong) symplectic structure. This we will do in a separate step. 
Proof of Theorem p.2| : 

Recalling ( p.l3| ) the first identity ( p.24| ) follows easily from the fact that {hl^, /i^?} = at every 
finite ei, €2- It is for this reason that we do not have to smear the hps^i^x)-, involved in (|3.21| ) 
in addition to E in order to define the brackets, there would be no extra contribution due to 
this fact. 
[2-] 

The second identity ( 3.25|) is significantly more involved. We first prove the following lemma. 
Lemma 3.1 For any fa&S and any path e we have 

{E{f),K} ■.= \im{E{f),hl} = f dte^{t)f^Mme{0,t)^h,it,l) (3.27) 



Proof of Lemma 3.1 



We have by definition 

{E{f),hl{A)} = [' dtj'" dt^_,.. dtJ d^-'vMyn)- [ d^-'y,f,{y,) X 
~, Jo Jo Jo Jd Jd 



n=l ■ 
n 

xY^Ay,{t,)..{EU),AyStk)}..AyStn) 

k=l 



^ / dtj^dtr,^,.. r dtj rf^-^2/„/e(2/„).. / t^^-'2/l/.(yi) X 

~[Jo Jo Jo Jd Jd 

X E /:K.(4))e^,(4)A,,(ti)..^..A,„(t„) (3.28) 

k=l 



Relabel Ti = ti,..,Tk_i = h^i. t = t k^Tj, = tfc+i,..,T„_i = tn and zi = yi,..,Zk-i = yk-i,y 
Vk, Zk = Vk+i, •■, Zn-i = Vn then (|3.28|) becomes 

{E{f),hl{A)} = EE / dTn.i / rfT„_2.. / dTk / dt / dTk^,.. / rfTi x 
^ig^-'o Jo Jo Jo Jo Jo 



k=i ^ 



X 

rT2 



= Y.Y.\ dt d''''yMy)f:{ey{t))e';{t) 

X / dTn-i [ dT.a-2-- [ dTk I dTk-i I dTk^2-- I dTi x 
Jt Jt Jt Jo Jo Jo 

xf d^'-hn.J^izn-i).. f rf^-^^i/,(^i)E^.im)..^..A,„„,(T„„il3.29) 
Jd Jd 2 

where in the last step we have used the fact that 1 > T„_i > ■■ > Tk > t > Tk-i > ■■ >Ti > 
in order to make the range of integration of t independent of the T^. We can now easily take 
the limit e ^ with the result 

EE / dtrMt))e%t) / rfT„.i / dT„_2.. 

.. / dTj dn-i dTk-2.. E^^i(^i)-7^-^^n-i(7;-i) (3.30) 

Jt Jo Jo Jo ^ 2 

and writing out the path product identity for holonomies he{0,t)he{t, 1) = /ie(0, 1) = in the 

path ordered form ( ^.lU] ) this collapses indeed to ( ^.271 ). 

□ 

Let us now prove the second identity (|3.25| ). Let us write Pf^ in the form E{f) by choosing 

ifDiix) = -j\s j^d''-\5{x,X,{u))^g,is)ea,,..,,_X]uM^ x 

xtr(r,/ie.(0, 1/2) V.(x.W)r,/i,-;(x.M)^e.(0' 1/2)"') (3.31) 

From [1.] it is clear that, although fi depends on A, as far as ( |3.25[ ) is concerned, we can treat 
it as a numerical function. By Lemma |3.1| we then have 



{P:M, = \im{E{f^),K,} = hm f\te'^\t)Ume'{t))K'{0,t)^hAt,l) (3.32) 

e^O e^OJo Z 

Suppose first that e ^ e'. Then, no matter how complicated 7, look, for sufficiently small e 
the edge e' does not intersect the region and thus (|3.32|) vanishes. If e = e' then e intersects 
for any value of e and we find 



X 



{P:,K}, = -\im^ C dsg,{s) C dt f d''-\6{e{t),X,{u))e%t) 
e^O Jy J -I Jo Jv 

xea,,..i,,_X:uA^)-X:inU^Mr,KM 1/2) V.(x.W) X 

x^.^t(x.W)^^=(0'V2)'')/^e(0,t)|/ie(t,l) (3.33) 

At fixed s the only contribution of the integral over {t, u) G [0, 1] x comes from the value 
{t = ts,u = 0) since and e intersect in the only point pi which is an interior point of [0, 1] x \^ 



for sufficiently small e. Here tg is defined by 6^(1/2) = e{ts). By definition of the orientation 
of the Xs{V) we know that e"(t)eafei..fec-i^s,«i(w)-^l,«c-i(^) > at (t = ts,M = 0). Since 
Pesipl) = Pe5 ( |3-33| ) collapses to 

{P:,K>}, = -lim^ f^^dsg,{s)tT{nKX^^/2)T^KX^^/2)-^)K^^ (3.34) 

Since the integrand depends continuously on s for any smooth connection we see that pointwise 

/le'K = -^tr(ri/ie(0, l/2)r,/ie(0, l/2)-^)K{Q, 1/2)^/1^(1/2, 1) (3.35) 

Now consider the matrix Ci = he{0, l/2)~^rj/ie(0, 1/2) which is an element of the Lie algebra 
of G because it is simply the transform of under the action of /ie(0,l/2)~^ in the adjoint 
representation of G on Lie{G). Thus we can expand Cj in the basis Tj, resulting in Cj = 
—ti{GiTj)Tj/N. Inserting this identity into ( p.35|) gives the result claimed. 
[3.] 

Let us now turn to the final third identity (|3.26|) . It is clear that for e 7^ e' and ei, 62 sufficiently 
small the regions i?g% i?g? are disjoint in which case the brackets vanish. Thus we only need to 
be concerned with the case e = e'. Let us again use the convention ( p.31[) and let us introduce 
the notation that for a function / depending on {A^E), the function / is numerically equal 
to / but / is considered to be independent of {A,E). In other words, / drops out of Poisson 
brackets on M but / does not necessarily. Then we have by the Leibniz rule for f2 

= {E{fn, EifP)} + {E{fn, E{fp)} + {E{fn, eCJ^)} + {E(/-), ^(/f )} (3.36) 

The ffist term drops out by definition of VL (recall ( |3.13D ) and the fourth by [1.] so that only 
the second and third term survive. More explicitly 

{pr\pn = j^d'xEi{x)[{E{fn urtim - {ECin (3.37) 



In order to compute ( |3.37| ) in the limit ei, e2 — > we have to consider two types of terms, namely 
{E{fl), hp^ {Xsiu))} and {£'(//), /ie^(0, 1/2)} The ffist term is given, according to Lemma ^TTI 
by 

rftp:^(X,(«),t)(^0{(pe,(X,(«))V.(x.H)(0,t)^V.(x4«))(^,l) 

^ 

= dthp^^^x4u)){0,t)^hp^^^xs(u)){t,l) J^^drg,{r) J^d^'\ X 

x5(p,^(X,(n),t),X,(t;))p:^(X,(«),t)6,,,..,,.,X^i^(t;)..X^--^(t;)x 
xtiinKM ^mh,Mv))r,h;l^xAv))heM 1/2)-') (3.38) 

Using the fact that r \—>- Xr{V) defines a foliation Re of surfaces diffeomorphic to 5*6 we see that 
the integral over r,v is supported at the interior point r = {s,v{s,t,u)) of [—1, 1] x where 
Xs{v{s,t,u)) = pe^{Xs{u),t). The integral can be performed with the result 



~N Jo ^^^P-s(.Xs{u)){0,t)—hp^^(^x4u)){t,l)9e{s)x 
^ pg^(X,(^),t)e.,,..fc,_,X,^^^,^(t;)..X,^^g^^^(t;) ^ 

|e,fe,..,,_,X-,X,^i,^(t;)..X.'?-i,(T;)| 
xtr(ri/ie,(0, 1/2) V,.{XrM)^i^;,^^(x,(t,))^e,(0, l/2)-^)],.=,,^=„(,,t,„) (3.39) 



Notice that the denominator in ( |3.39| ) is bounded away from zero as the curve s ^ Xs{v) for 
any fixed v is transversal to Xs{V). Now pe^{Xs{u),t) = {Xr{v))r=s, for any t G [0, 1], 

thus Pe,{X,{u),t) = j:k=liXr,.M)r= s,v=v{s,t,u) '^^''^at'^^ ' ^^^^ integrand of ( |3.39| ) vanishes 
for any finite e. 

Thus there will be no contribution from the holonomies along the pe^{Xs{u)) and we can 
focus on the second term {E{f^), he^{0, 1/2)} mentioned. Again, according to Lemma [SH], it is 
given by 

'^'cite^(t)(^0i(e.(t))/.e.(0,t)|/ie.(t,l/2) 

1 /"i/^ r- f 

= I dtKMt)^Ks{t,m J_^drg,{r) j^d'''\5{es{t),Xr{v))el{t) x 

xea,,,,,,_,X%^{v).X-^,-^\^{v)ii^^^^^ 

This time we will perform the t, v integral to cancel the ^-distribution. Thus we may as well 
perform the limits ei, £2 — > and cancel the s and r integrals first with the result that we are 
left with 

f^^^ dthe{0,t)^K{t,l/2) f d^-^v6{e{t),X{v))e''{t) X 



NJo —-2 ' ' 'Jv 
xeat,..b,^,X%{v)..Xll-_\{vMTM0A/2)h^^^ (3.41) 

The integrand is supported att = l/2,f = which is now a boundary point of the interval 
[0, 1/2] which is why the 6 distribution picks up a factor of 1/2 as compared to the analogous 
argumentation in [2.]. This leads to the result 

- ^h,{0, l/2)|tr(r,/i,(0, l/2)r,/i,(0, 1/2)-^) = ^tM^, 1/2) (3.42) 

Putting things together and using 6g^^ = —g^^Sgg^^ we find 

{P:,P^}, = Jj'xE^,{x)[-^ |^d^-in5(a;,X(n))6„,,..,,_,X^^(«)..X^--(n)]x 

X [tr(r,{ir,/ie(0, 1/2)} V(x(«))T-fc/i;^^(^(„))/ie(0, 1/2)-^) 

-tr(r,/i,(0, 1/2) V(xM)r,/i,-^(^(,))/ie(0, 1/2)-'{^tM0, l/2)}/^e(0, 1/2)-^) 

-i ^ j] 
1 



, (*E)i,(x) X 

X [tr(r,r,/ie(0, 1/2) V(x.)rfc/i;^^(,)/ie(0, 1/2)"^) 
-tr(r,/ie(0, 1/2) V(x)rfc/i-^(,)/ie(0, 1/2)"^^) 
-i ^ j] 

= /^j2tr([r,,r,]/i,(0,l/2)V(.)*i5;(x)/i-i(,.)/ie(0,l/2)-i)] 
= ^ /^^tr(rfc/.e(0,l/2)Vw*i?(x)/^,-'(.)/^e(0,l/2)-i) 

= -h'Pk (3.43) 

as claimed. 

□ 

Notice that the factor of 1/2 that appeared in ( p.43[ ) is also required if the bracket i-,-}^ is 



to satisfy the Leibniz rule : {P^, he}-y = {P^, KiO, l/2)}/ie(l/2, 1) + K{0, 1/2){P^, K{l/2, 1)} 
which is consistent with if indeed {P^^ /ie(0, 1/2)} = ri/ie(0, l/2)/4, {P^^ /ie(l/2, 1)} = 

/Ze(0, l/2)-V,/le/4. 



Theorem 3.3 The bracket {■,-}'y satisfies the Jacobi identity, moreover, it defines a non- 
degenerate two-form on M^, that is, it is a symplectic structure. 



Proof of Theorem p.3| : 
i) Jacobi identity : 

There are four kinds of double-brackets to check corresponding to n momenta and 3 — n 
holonomies appearing with n = 0, 1, 2, 3. 
n = 0) : 

This case is trivial 

{{he)AB, {{he')cD, {he") EF}-y}-y + Cyclic = (3.44) 

since already the inner bracket vanishes by ( |3.24D . 
n = l) : 

Also this case is trivial 

{{he)AB, {{he')cD, Pi"hh + cychc = (3.45) 

because either the inner bracket already vanishes or the inner bracket gives a function depending 
only on holonomies by (|3.25|) and so the outer bracket is of the type ( |3.24|) and vanishes. 



n = 2) : 

This is the first non-trivial case and it is quite remarkable that the signs and numerical factors 
in ( p.24| )-( p.26| ) come in precisely the right way out of the regularized derivation of theorem p.2| 

{K, {Pf, Pf},}, + {Pf, {Pf, he},}, + {Pf, {he, Pf},}, 
= -5'^'""^ '{he, P^'}, + 5f{Pf, ^he}, - 6i{Pf, ^he}. 



5'''5^:{h,'^he + ^he-^he) 
1 



- 6- ^(2/,, Vfc + [r,, n])he = (3.46) 

by definition of the structure constants, 
n = 3 : 

This case is again easy, it just relies on the Jacobi identity for the generators of the Lie algebra 
of G or, equivalently, for its structure constants : 



{P:, {P^ , P', },}, + cyclic = 5' ' 51 {f.k " + cychc)P^ = (3.47) 
ii) N on- degeneracy 

Obviously, by ( p.24| )-( pr26D the symplectic structure Vt,, if it exists, is diagonal with respect to 



the edge label, 

5] fie (3.48) 

eeS(7) 

where each fig is isomorphic with a Poisson structure VLq on the cotangent bundle T*G given 
by {hAB, hcD}G = 0, {Pi, h}G = Tih/2, {Pi, P,}g = -fij ^Pk- Thus in order to show regularity 
of VL, it will be necessary to show regularity of VLq, that is, VLq is not only a Poisson structure 
but actually a symplectic structure. 

To see that VLq is everywhere nondegenerate on G consider the atlas {Ua, 4>a)a&i of G given 



by open neighbourhoods Ua containing some point ha & G and charts defined by := exp : 
Va C R'i™^^) ^ Ua, (Oi) exp{eiTj/2)ha. Obviously, the 61 serve as local coordinates of 
G. Let now h E G he given, then there exists a E I, (6'^) G Va such that h = exp{9i^Tj/2)ha- 
By choosing the size of the index set / high enough we can assume that the range of each 
is contained in an open interval containing zero as small as we wish. Let us now expand 
h in powers of in the relation {Pj,h}G = 'Tjh/2 then we find by comparing powers that 
{Pj,9^} = 5^ + 0{6) where 0{6) is a bounded function vanishing linearly in 6. We conclude 
that the bracket when expressed in terms of the coordinates Pj,9j has locally the form of a 
block matrix consisting of four blocks of dim(G) x dim(G) matrices with the off-diagonal blocks 
given by plus/minus the identity matrix plus corrections of order 6'^ and the diagonal blocks 
consist of a zero matrix and of the matrix with zj-entries given by fij ^Pk- This matrix is 
obviously invertible on Ua for any a, proving our claim. 

Finally we must show that fi^ is a surjection, that is, for any (xe, ye)eeE('y) G there exists 
{x'^,y'^)e£E{y) £ ^7 such that (Xg,?/g) ■ Qe = {xe,ye)- Siuce £^ is actually a Hilbert-manifold, we 
find {xe, ije) G S-y such that (xe, Ve) = (^e ' Pe, Ve ' o"e) thus the solutiou of our problem is given by 
(Xg, y'J = {xe ■ Pe, Ve ' o'e) ' (^e)~^ (^e interpreted as a matrix written pointwise in M^) provided 
we can show that this defines an element of S^. This is somewhat non-trivial because fl^ 
depends on P/ which, a priori, can take arbitrarily large values. However, the normalizability 
of this vector follows from (|3.18| ) which implies that in fact P^ must be uniformly bounded in 



e. 

□ 

In the appendix we show that and therefore is even exact in the case of G = U{1), SU{2) 
which one can probably prove also for general G and we leave this as a future project. 



3.2.3 Continuum Phase Space from the Graph Phase Space 

In the previous subsection we established how the symplectic manifold (M^, Q^) can be derived 
from the symplectic manifold (M, Q) for every 7 G F. In this subsection we wish to show 
the opposite : in the limit that 7 grows ad infinitum in a prescribed way we find that (M, Q) 
can be derived from {M^,Q^). This lies at the heart of later constructions in which we use 
{Mj, Q^) as our starting point for quantization. Namely, as the formulation of the theory in 
terms of is a certain kind of discretization, the result just stated means that the continuum 
limit exists and is the expected one on the classical level. On the other hand, the symplectic 
manifold {M^,Q^) is straightforward to quantize on a Hilbert space (H-y,< .,. and the 
classical limit of this quantization is easily shown to give back {M^,Q^). In other words, we 
can establish the chain of limits {H'y,< .,. >^) ^^i^o (M^,!]^) ^-y^oo (M, fi) and the inter- 
esting question of the existence of the opposite limit will be subject of our companion paper 

In order to show that we can recover the continuum theory from the discrete one in the limit 
of infinite graphs we consider a certain one-parameter family of cubic lattices e h-^ 7^ where 
e is associated with the length of the edges or links of the graph with respect to a certain 
background metric and the limit e — corresponds to sending the graph to the continuum S. 
More precisely, we have the following : 

The manifold S is described by an atlas of charts (f/i,Xjtgj where U^ is an open region in S 
and : V, C ^ U„ {t\ ..,t^) ^ X,{t) is a local trivialization of U^, that is, a smooth 
orientation preserving diffeomorphism. Consider an arbitrary but fixed decomposition 7?. of S 
into mutually disjoint, except for common boundary points, compact regions R which is fine 
enough such that every R lies in the domain of a chart and choose l{R) G X to be such that 
R G (at this point we do not even need the cover {f/j} to be locally finite or S to be 

paracompact although this is an assumption which goes into the definition of F^). Without 
loss of generality we can assume that each R is diffeomorphic to a polyhedron of H'^ and we 



fix for eacli of its faces an orientation. Also, if S is not compact we take a refinement of the 

atlas if necessary such that each R has finite Lebesgue measure. 

Now R is the image under Xr := X^(^r) of a compact region Vr, in fact a polyhedron, in 
which can always be decomposed, for sufficiently small e, into regular cubes of volume e 

with respect to the Euclidean metric of IR^ possibly up to a subset near the the boundary of 

X^^{R). Let then Cr be the union of those cubes which fit into Vr. 

Now each region Cr is filled exactly with cubes of volume and these cubes define a 

regular, oriented cubic lattice 7^ in Cr, the orientation of the edges is chosen to be such that 

each of them points in the positive coordinate axis direction of R^. Let P°o be the dual 

decomposition of Vr obtained as follows : choose for each edge e^j of 7^ the open face S^o to 

be the regular cubic hyperplane orthogonal to e^; of area e^"^ which cuts e^j in the middle, is 
pierced by e^j in its center and carries the orientation defined by choosing the tangent direction 
of to be the direction of its unit normal vector. The collection of all these faces S^o can 
be completed uniquely to the unique, minimal cubic polyhedronal complex C'r which contains 
all of them. We assume w.l.g. that C'r fits into Vr (decrease the size of Cr by deleting some 
cubes on its boundary if necessary). Notice that necessarily covers Cr. We complete the 
polyhedronal decomposition of Vr by choosing X]^^{R)—C'j^ as the final polyhedron to cover Vr. 
Since the boundary of Vr is already oriented this obviously defines an oriented polyhedronal 
decomposition of dual to 7^. 

Finally, we consider the images 77? = X,(i;)(7^), = X,(r)(S'°o^) P^^ = X,(/j)(P°o) and 

the corresponding variables h^,P^'^ for each R E TZ. The unions 7^ := UijgT^ 7^ and P^^ : = 
Ur(ztiP^^ define an oriented graph in E and an oriented decomposition of S. It is not yet a 
decomposition dual to 7 since it is not minimal : it becomes minimal if we remove all the 
boundaries dR. Let the resulting dual decomposition also be denoted by P^^. 

Notice that the region S — [Ur^-jiXr^C'^)] does not contain any piece of 7^, however, its 
Lebesgue measure vanishes in the limit e — > because it tends to UrOR. We could avoid this 
by adding edges to 7 connecting the jr which are contained in neigbouring R but the resulting 
lattice may not be of cubic topology any longer. Since we will not need those edges for the sake 
of our argument, we will leave things as they are. 



Let us fix a specific R and define vr := Xr{vr), cri^v) := Xr^c^j^v'^)), S 



R 



V 



Xr(S^o I \) respectively to be the image under X^ of a vertex, edge and face of 7^. respectively. 

Here g'rjIvr) denotes the straight line into the positive J— direction between the vertices Vr 
and Vr + ebj where denotes the standard oriented orthonormal basis of (sometimes 

Vr + eh I is not a vertex of 7^ in which case we set c'rj^Vr) = v%^ = S^o (^,0 ))• Consider also for 
any x E R the vector fields Y^j{x) := X'^j{t)x=Xii{t) and co- vector densities of weight minus 
one n^Raix) := jp^eab^..bD-i(^^'^^'''^°~^Y^jS^)--YR%\M)- Since Xr: Vr P is an orientation 
preserving diffeomorphism it is clear that det((y)) = n^lT" > everywhere in R. 

We define now as in (|3.15|) for every vertex v of 77? the functions (we drop the label R) 

hi{v) := K^^,){A) (3.49) 

which defines a map : M \—>- M^. 

On the other hand, consider now the following functions on My {v is again a vertex of jr 
and we drop the label P) 



Suppose first that {hj{v), Pi{v)) E G x Lie{G) are obtained via the map D^. Then, using the 
smoothness of the fields {A, E) it is easy to see that A^^'>\v) — A^^{v) and E'f^"'{v) — Ef{v) are 
both of order e. 

We now select from the one-parameter family of lattices 7^ and decompositions P^^ a se- 
quence of lattices 7„ with the property that 7^+1 and P-y^^^ respectively are refinements of 7„ 
and Pj^ respectively. It is easy to see that the following sequence does the job : Start with 
some eo > and call 70 := 7eo, Pq '■= P'y^^ respectively. Now consider the sequence e„ := eo/3". 
The corresponding 7„ := 'ye„,Pn '■= P-y,„ are obtained iteratively as follows : 
Given 7^^, subdivide each of the cubes it defines into 3^ axis parallel cubes of equal vol- 
ume (en/3)^ and similarly for -P°^^. Both of these lattices obviously refine the previous ones 
respectively. 

To see that the refinement of P°o has all the properties that we required it to have in 

'Rn 

the above construction of a decomposition of Vr dual to the refinement of 7^^ we remark the 
following : 

If we consider 7^^^ as a sublattice of an infinite regular cubic lattice in then P°o satisfies 
the required proprties if and only if its restriction to is defined by a sublattice of the lattice 
L'^ obtained from L„ by translating it by the vector e„ Z^/Li bi/2. In other words, if we label the 
vertices of L„ by the n-tuplcs (e„n/)fLi, nj E Z then the vertices of L'^ arc labelled by the n- 
tuples (e„[nj + l/2])fL;^, n'j G Z. Now the points of the refinements of L„ and respectively are 
labelled by (e,n,/3), = e^+iUj and (e„K/3+l/2]), = (e,[K + l)/3+l/6]), = (e„+iK+l/2]),, 
in other words, the refinements coincide with Ln+i and I/^+i respectively. Notice that our 
procedure would work also if we would choose to refine by k instead of 3 where A; > 3 can be 
any odd integer. 

To complete the decomposition we add cubes to these refinements as to fill Vr as densely as 
possible according to the rules we specified above (also deleting cubes if necessary as discussed 
above) and thus obtain, after mapping with Xr, 7„+i and Py^^.^ . 

We remark without proof that only cubic lattices seem to have the property that there are 
refinements such that a dual decomposition of the refinement can be a refinement of the dual 
decomposition (consider a simplicial decomposition to see the arising problems). 

Now that we know that if v is a vertex of 7^ for some n then it is a vertex of all 7^ for all m> n, 
the hmit e ^ is well defined and we have, provided that A'^^"^'{v) -. A'^J'^^{v), E^'^^^iv) -. 
-E'i"^"(i') are defined via Dn -De„ 

lim[£;p(^;) - E^{v)] := jim [£;W«(^) _ E^iv)] (3.51) 

where convergence is pointwise on M. In other words, the map '■ M 1— > M„ C M^^ is 
invertible in the limit n ^ 00. To see that also the symplectic structure Q of M is recovered in 
this limit we notice first that for each i^" e <S we have F{A) = hm„^oo F ■ >l(")(A), E{f) = 
lim„_^oo E'^'^\A, E) ■ f pointwise in M where 

F.A(-) e^{det{Y)){v)F!,{v)A'^^\v) 

E^^^^-f := E 6^(det(y))(^)£;p(^)/:(^) (3.52) 

vev{in) 



Theorem 3.4 The bracket defined by 

{F{A),F'{A)y 
{Eif),FiA)y 
{E{f),E{ny 



]im{E(")-/,F-A(")},„ 
lim ■ /, ■ /'},„ 



(3.53) 
(3.54) 
(3.55) 



for all /*, F"-, f^, Fl"- G S coincides with the symplectic structure Q on M defined by l \3.1!^ ). 
Proof of Theorem B.4| : 



We simply have to use the symplectic structure of (My^,fi^^) and take the limit using (|3.51|) . 
In the notation of this subsection, the symplectic structure labelled by 7„ can be written 



{{hi{v))ABAhAv'))cDK=0 



{Pl{v),hjiv')},^=6'j6.,.,^hj{v) 
{Pl{v),Pf{v')},„ = -5''5,..h, 'Pl{v) 

Then (|3.53|) is obvious since the right hand side vanishes already at any finite n. 
[2.] 

We have at fixed n for the right hand side of ( |3.54| ) 

■ /,F ■ AW}^^ = Y. ^Tidet{Y)){v){det{Y)){v')rMF;{v') 

f ,f'ev(7„) 

><[-2d;ui4^ 

= -| E en/:(^)i^'(^)[EK^/)(^)tr(r,f/./(t;))] 



(3.56) 



X 



{ E ^n[det(r)/:i^1(^;)} 
2 



E e''[/:^']MEK>^/)(^)tr(r4[^/(^)-l])} 

t'eV{7n) I 

Consider the first term in the last equality of (|3.57| ). We can write it as 

r)X 

E E en|det((— \[f:Fn{X{t{v'))) 

which defines a Riemann sum for the expression 

. ^''^l(det((^)|t|[/:i^1(X(t)) = F(/)- 5: / d^xiflFnix) (3.59) 



(3.57) 



(3.58) 



and the second integral in ( p.59| ) vanishes in the limit n ^ oo (that is Cr R). To see this, 
notice that in the limit n — ^ oo the integral Jr-Xji{Cr) (^^x[f^F^]{x) becomes jQRd^x[f^Ff']{x) 
which vanishes for non-distributional spaces of test functions. 

Turning to the second term in (|3.57|) we notice that there exists a positive constant k such 
that \tT{Tj^[hj{v) — 1])]| < ken as n — >• cxd independent of the indices and v because A is a 
smooth and bounded function. Thus we see that the second term vanishes in the limit n — > cxd. 



[3.] 

Finally, at fixed n the right hand side of ( p.55| ) becomes 

t>,u'GV{7„) 

= -k'^n E ^n[Y.ifiyni'Ymni+{^,-Etnimv)] 

i,ey{7n) I " 

The whole sum is just an approximation for a Riemann integral times e„. The term in the curly 
bracket approaches zero as n — > and is therefore, together with the first term in the square 
bracket, integrable against the product of test functions displayed. Thus, the whole expression 
vanishes in the limit n ^ oo. 
□ 



3.3 Structured Graphs as Labels for Generalized Projective Families 

A natural question to ask is whether one can identify (M, Vt) with (the limit of) a generalized 
projective sequence of symplectic manifolds (M^, The answer is affirmative but somewhat 
involved because we first must introduce new labels for projective families : 

First of all, the family (M^, Vt-^) does not only depend on the graph 7 but actually on the set 
C of structured graphs I = (7, P^, U^) consisting of a graph 7, a polyhedronal decomposition 
dual to it and a choice of paths Pe{x) G 11^ adapted to 7, P^ where Pe{x) (Z Se, e G -^(7), x G Sg. 
The family £ is partially ordered by inclusion but it is in general wrong that given two elements 
1,1' E C there exists a common refinement, that is, an element I G C such that /, I' C /. In other 
words, the inclusion relation does not equip C with the structure of a directed set on which the 
structure of a generalized projective limit crucially depends. 

In order to proceed, we therefore must first modify the partial order. To motivate our choice 
we begin with the following observation : 

Given a graph 7 the second and third entry of a structured graph / such that 7(/) =7 are 
largely arbitrary. On the other hand, if we consider structured graphs /, /' with 7(/) = 7(/') 
then by construction we can always find a diffeomorphism that preserves 7(/) and maps P-^, 11^ 
to Py,ny. This follows from the fact that all the Se, Pe{x) C S'e,x G Se are obtained via 
a diffeomorphism from a universal object by definition p.5| . Now, while the actual values 
of the that we construct from / or I' respectively may differ (the he are evidently the 
same), the Poisson algebras, that is to say the algebra of Hamiltonian vector fields, that we 
obtain are identical. Moreover, let us consider the he as elements of the space of smooth 
functions C°°{C^) of the configuration space of (in fact they are coordinate functions) 
and the P^ as elements of the space of vector fields V{C^) on via the map {he, Pj) ^— 
{he,tT{{TjheY d / dhe). The space C°°(C^) x V{C^) is equipped with the Lie algebra structure 
[(/, u), (/', u')] = {u{f')—u'{f), [u, u']) which is evidently closed and isomorphic with the Poisson 
bracket structure as obtained from both /, /'. In this form it is particularly obvious that both 
/, /' give rise to the same Lie algebra. 

What this means is that the information contained in / beyond that of 7(/) is irrelevant 
as far as the Poisson algebra is concerned. Since it is the Poisson structure which sets the 
correspondence with quantum theory we will obtain isomorphic quantum theories from both 
I, V . The additional information contained in / however comes in when we consider the classical 



limit of the theory. Namely, the coherent states constructed in |^2|, ^ Q are sensitive to the 
size and shape of the Se as well as the precise choice of the paths pe- 



These considerations shed hght on the question why we have largely abused notation when 
writing 7 instead of / and is also reflected in the subsequent definition. 



Definition 3.7 We say that (7,P^,n^) -< (7',Py,ny) provided that 7(Z) C 7(/') and that 1,1' 
are equivalent, I = I', if'~f{l) = 7(^')- 

In other words, there are no conditions at all on the second and third entry of a structured 
graph. In particular, we identify / with /' if one obtains /' form I by applying a diffemorphism 
that preserves 7(/). The subsequent two lemmas are then almost trivial. 

Lemma 3.2 The relation -< defined in definition Wli defines a partial order. 



Proof of Lemma 3.2 



1) Refiexivity : I ~< I since 7(Z) = 7(/). 

2) Antisymmetry : I -<l' and V -< I implies 7(Z) = 7(/')) that is, 1 = 1'. 

3) Transitivity : I -<l' and /' -< I" implies 7(/) C 7(/') C 7(/"), thus / -< 
□ 



Lemma 3.3 The set L is directed, that is, for any given 1,1' E C there exists I G C such that 
1,1' -< I. Such an element I is called a common refinement of 1,1'. 



Proof of Lemma 3.3 



Given 1,1' G C consider the graph 7 := 7(/) U7(/'). Choose any / G C such that 7 = 7(/). Then 

I, V -< I. 

□ 

Next we need the notion of a projection of symplectic manifolds. 

Definition 3.8 Let I -< I' , consider any edge e G -^(7) and find the edges e'^, .., e'^ G -£^(7') such 
that e = e'l o .. o e'j^. We then define the following projection 

pn : Ml, ^ Ml, he := /ie;../ie; and := P< (3.61) 

It is obvious that pi'i is onto for / -< I' except in the presence of boundary conditions in which 
case the Pf for sufficiently small S*"^ would be bounded. As a map between the Mi it would 
be onto. Define mi = {he, P'^}eeE{'y) and consider an array of non-singular dim(G') x dim(G') 
matrices A = {Xe} with an action on the points of M; given by A ■ = {he, AgP^}. 

Definition 3.9 i) Consider the uncountable direct product M. := Xi^^Mi, then the following 
subset 

Moo ■■= eM;3 A"' 3 A"' ■ rm = pmim,) V / ^ /'} (3.62) 

is called a generalized projective limit of the Mi . 

a) A family of symplectic structures {Qi)i(zc is called a self- consistent or generalized projective 
family provided that the associated Poisson brackets project in the usual way 

pW.9}i ■■= {Phf^phgh ^ f.ae c^{Mi) (3.63) 

that is, the pi'i are "non-invertible" symplectomorphisms. 

It is easy to see that the symplectic structures Qi (or as we called them all the time) that 
we defined in section p.2.3| form indeed a self-consistent family of symplectic structures on Mi 
(or My). This follows, as already said, from the astonishing fact that the are completely 
insensitive to the size and shape of the faces of P^ and the choice of the paths of 11^ as long 
as all the requirements of a dual decomposition are met. This is precisely the contents of the 
identities ( |3.24| ) - ( p.26[ ). This observation is tied to the fact that the smearing functions, edges 



and faces, are sufficiently singular and that the smearing process is background metric indepen- 
dent, so that only topological characteristics, such as intersection numbers of edges with faces, 
are the results of the calculation and are thus completely shape independent, they are locally 
diffeomorphism invariant (i.e. invariant under locally non-trivial diffeomorphisms) . Once more, 
this observation is also the logic behind definition and behind labelling (M^, Q^) only by 
elements of F rather than by elements of C 



Let us then summarize : 

We have shown in this subsection that the family of differentiable manifolds (Mi) can be given 
the structure of a generalized projective limit A4oo and the family of symplectic structures 
thereon can be given the structure of a self-consistent family of symplectic structures. 

In subsection p.2.3| on the other hand we showed that there is a sequence G £ (there 
denoted 7^) such that M = lim„^oo^z„ and fl = lim„_joo^/„ (pointwise limits). Moreover, 

-< In for all m < n, so the sequence is linearly ordered. The points defined in section 
|3.2.3| belong to Mi^ . By construction, we can extend every such sequence mi^ to a sequence 
{'^i)iec G A^oo- (Explicitly, the array of matrices is for > m — > 00 approximately given by 
Ag7j'" = 5jj(en/e-m)^^^)- It follows that the sequence (mi^) can be embedded into a generalized 
projective sequence which in turn defines a point of Aioo- Likewise, the standard symplectic 
manifold (M, f2) can be identified with the sequence {Mi^,Qi^) of symplectic manifolds which 
in turn can be extended to a subset of the generalized projective limit and self-consistent sym- 
plectic structures thereon respectively (with respect to the generalized projective limit A^oo)- 



Remark : 

Of course, we have displayed (M, Q) only as the union of a very special subset of all generalized 
projective sequences. An arbitrary generalized projective sequence wil not have any obvious 
interpretation in terms of connections and electric fields on any smooth manifold S. This is 
possible because the set of graphs in - and dual decompositions of S have much more structure 
than the set of points of E. In fact, the picture that emerges is completely combinatorical and 
only very special configurations of graphs and dual decomposition allow a manifold interpreta- 
tion. In a sense, without specifying the embedding of abstract graphs and dual decompositions 
into a concrete S we are treating all manifolds E simultaneously. Thus, although in the canon- 
ical approach to quantum gravity one starts with a given differential manifold, the emerging 
classical and quantum theory does not depend any longer on the particular choice of S. Only 
if one insists on a manifold interpretation there will be restrictions on possible graphs (they 
have to agree, for instance with the Euler characteristic of S and the dimension of S) and on 
the spectra of operators |]T^. This opens the possibility to describe topology change within 
canonical quantum gravity. 

4 The Gauss Constraint 

In this section we implement the Gauss constraint into the theory. On (M, Q) it is given by 
the function (A* E S) 

G{A) := / d^'xA^xME^ix) + 'Ai{x)E-,{x)] (4.1) 
which generates infinitesimal gauge transformations 



F{A) ^ F{A) + {F{A),G{A)} = F{A + DA) 
E{f) ^ E(/) + {E(/),G(A)} = E(/ + [A,/]) 



(4.2) 



where A = A*7^,/2, A = AWi/2, E = EiTi/2, f = /Vi/2, F = FiTi/2. The maps are the 
infinitesimal versions of the finite gauge transformations 



F{A) ^ F{Adg-A-dgg-') 

E{f) ^ [Ad,-E]if) (4.3) 

where Ad^ ■ v := gvg~^ is the adjoint representation of G on Lie{G). Indeed, for infinitesimal 
A, ( [4.3|) reproduces ( fl.2| ) to linear order provided we identify g{x) = exp(— A*(a;)rj/2). 

Our task is to write (|4.1|) in terms of (My,f2^). That is, we must find a function G'^(A) 



on My such that it converges pointwise on M to G{A) and such that the limit of its Poisson 
brackets, that is, its Hamiltonian vector field on converges to the Hamiltonian vector field 
of G(A) on M. 

To do this we will proceed as follows : 

1) Find the gauge transformations of the coordinates he, P'^ of induced by ( |4.2| ). 

2) Find a generator G^{K) on of these infinitesimal transformations. 

3) Study the generator and its Hamiltonian vector field on My and consider the limit 7 ^ E. 
Notice that this procedure works only because gauge transformations have the special feature 
to preserve M^ as we will see. This is not the case for more general gauge groups such as 
diffeomorphisms which map between different M^'s and which are relevant for quantum general 
relativity |2^ . 



It is immediate from the definition of a principal fibre bundle with connection over E and 
an associated (under the adjoint representation of G) vector bundle that under finite gauge 
transformations x G S 1— > g{x) G G 

hM) ^ gieiO))hM)9ieil)r' 
P\A,E) ^ ^7(e(0))P^(A,E)^7(e(0))-^=:Ad,(,(o))-P^(A,E) (4.4) 

where = P^Ti/2. This follows from the manifestly gauge covariant definition of the basic 
coordinates of given in ( |3.15|) . The infinitesimal version of ( [4. 41) is given by (with g{x) = 
exp(-A*(x)ri/2) = exp(-A(x))) 

he ^ he - A{e{0))he - KA{e{l)) 

pe ^ P^ + [P^A(e(0))] (4.5) 

which should equal {he, Gy(A}y, {P^, G-y{A)}^ respectively. 

It is immediately clear from ( |3.26D that the second line of ( [4. 5] ) can be obtained by choosing 

G^{A) = ^'(^) E P^ + ^ore (4.6) 



where "more" should commute with all the P^. Ansatz ( |4.(j| ) already correctly reproduces also 
the A(e(0)) term of the first line of (|4.5|) , the A(e(l)) term looks similar just that it corresponds 
to an insertion of Xj from the right instead of from the left. Since the holonomies Poisson 
commute among themselves we are led to the following improved ansatz 

G,(A)= Y: A\v)[ Y: Pt+ Y M,,{he)P^] (4.7) 

i>GV(7) eeE{'y),e{0)=v ei^E('y),e{l)=v 

where the matrix Mij{he) should satisfy —Mij{he)Tjhe = heTi and {P[ , Mjk{he)P^}-y = 0. The 
first requirement leads to the unique solution 



Mij{h) = ltr(/ir,/i-V,) (4. 



while the second asks us to check the vanishing of (use {.,h ^}g = —h ^{., /ijc^ ^) 

{Pi,Mjk{h)Pk}G = -M,k{h)Uu'Pi + {P,,Mji{h)}GPi 

= [-M,k{h)U ' + ltr(|/ir,/i-V, - hr^h~'^Ti)]Pi 

= [-U' + fH^W.kWPi (4.9) 

which indeed vanishes for G semisimple as we assume. 
We notice that 

Pf := -M,,iK)P;r = pf' (4.10) 

which explains intuitively why it is possible that {Pi, Pj''}y vanishes for any e' : while P*^ 
depends only on the beginning half segment of the edge e, P^' depends only on the ending 
half segment of the edge e and given the symplectic structure ( |3.13| ) a non-vanishing bracket 
is therefore impossible (modulo the regularization procedure of section |3.2.2| ). Of course, in 
retrospect the result should have been guessed on general grounds as what we were trying to 
construct are the generators P, P' respectively of left and right translations respectively on G 
which, of course, commute. 



In order to check the continuum limit of the function (|4.7| ) we employ the sequence of graphs 
7„ of section 3.2.3 . Using the notation of that section, in particular ( 3.49| ), we define for 
V G 7ij, R eTZ the quantity 

E'iv) = /.eK.)(0, U^r%,^^^ ^Pe.wW * ^(^)^'.'(.)(.)]^e,(.)(0, 1/2) 

which to order e^~^ equals e^~^n^(f )-Ef (f )rj as n — oo. Then for fixed n 

G.„(A)=E E E P^+ E M,,{K)p^] 

ReTZveVi-yn) eeE{-yjt),v=e{0) e(^E{'rii),v=e{l) 

= E E E[^'(^)AX^) + M.,(/.,(^))i^'(^)AX^ijK'(^) + eM)] 
mnvevi-yii) 1=1 

= E E A'(t;)E[/^'(t.) + M,,(/^,(X^(X^^(^;)-eM))P,^(X^(X^^(^;)-e6,))] 
ReTlveVi-rR) i=i 

= -i-E E A^(t^)Etr(ra/.,(t;)i?^(t;)/./(t;)-^-i^;^(X^(X^i(t;)-e6,))] 
i^e7^^;ey{7fl) i=i 

= -1E E A\v)j:tT{n[{hj{v)E^{v)hj{v)-'-E\v)} 
RelZveVi^n) 1=1 

+{E\v) - E\X^{X^\v) - ebj))}]) (4.11) 

Consider the two curly brackets in the last line of ( [4.11| ). The first one is given to leading order 
by Y}'{v)ni{v)[Ab{v), E''{v)] = det{YR){v)[Aa{v), E''{v)]. The second one is given to leading 
order by 

l ^'"°'''""^'f''''"" ]x„,.,^. = n;(.)yA«)a£"(«) = det(y,)(„)a.P(„) 

since J2i din'g^{Xfi(t)) = 0. Now the sum of the differences 

hi{v)E'{v)hiiv)-'-E'{v)-e^det{YR)iv)[Aa{v),E''{v)] and 



E^{v) - E^{Xr{X^\v) - ebi)) - det(YR){v)daE''{v) can be written as e^+^ det (Yr){v)K{v) 
where K is an integrable function. Thus, ( [4.11j ) becomes 

G,„W = E E e^det{Yn){v)A\v){daE^ + f,,'AiE-,){v) 

E E e^det(r^)(.;)A^C.)Etr(r.ir(.;)) (4.12) 



' N 



and both sums are Riemann sum approximations of integrals. Recall that dei{Yji){v) > for 
V & R and that det(y)(f) approximates the Lebesgue measure of the image under Xji of a 
cube of volume e in Vr. It follows that 

Jim G,„(A) = G(A) - Jim I jj^xK\x)tT{nK{x)) = G{A) (4.13) 



as desired. 

To check that also the Hamiltonian vector field of G^{A) converges to the one of G{A) we 
consider the brackets defined by 

{FiA),G{A)y := Jim{F-A("),G,„(A)},„ 

{E{f),G{A)y := lim{E(")-/,G,„(A)},„ (4.14) 



where are defined in (|3.51|) , (|3.52|) . Using the definitions and reasonings repeat- 



edly outlined already in this paper we see that indeed {F{A),G{A)y = {F{A),G{A)} and 
{E{f),G{A)y = {E{f),G{A)}. So, the Hamiltonian vector fields also coincide in the limit 
7 — > S and display ( [4.7| ) as a satisfactory discretization of G{A). 



5 Quantization 

In this section we quantize all the phase spaces (M^, Q^). Notice that in the literature so far one 



quantized either (M, fi) |]T0[ or one quantized only one particular family of (M^, f2-y)'s that were 
defined through lattices in S's of the topology of R^ In the former case one took a classi- 
cal function and tried to turn it into an operator after going through some regularization and 
renormalization steps. In the latter case one started directly with some operators and required 
that they have a certain continuum limit behaviour with respect to the lattice spacing, however, 
one did not establish a precise relation between these discrete operators and certin smeared 
objects of the continuum theory as we did in section ^. However, without such an analysis it 
is quite unclear what the operators so obtained do actually measure. In particular, one has 
to postulate the e expansion of the P"^, He rather than being able to derive it from first principles. 



By definition, quantization means to find an irreducible representation of an algebra of opera- 
tors he, Pe such that the symplectic and the reality structure of the classical theory is correctly 
implemented. More concretely, since is isomorphic with the direct product of co-tangent 
bundles T*G, one copy for each edge of 7, it is suggested to choose the natural real polarization 
of the phase space in which wave functions depend only on holonomies. Thus we choose a 
Hilbert space of square integrable functions of the h^, e G -^(7) with respect to a measure 
H^, that is, = L2{C.y, dfij) where = GI^^'t)' is the complete quantum (and also classical 
in the absence of boundary conditions) configuration space and must represent the operators 
hf^, P[ on Ti.^ in such a way that the following commutation relations hold : 

[hf^hT] = 



[P^,P^'] = ih5^^'{-f,,')P^ (5.1) 

More precisely, we must find a common dense domain of all the basic operators which they 
leave invariant so that it makes sense to compute commutators. Notice again that we allow the 
graph 7 to be infinite. 

Furthermore, the reality structure of the classical theory is given by (let us choose G to be 
a (subgroup of a) unitary group for definiteness) 



= iKY"" and Pr = (5.2) 



To see the latter, notice that from ( |3.15| ) Pf is given by an integral of quantities of the form 



tr[gTig ^Tj)v^ where is real and g E G. From g^g = 1 it follows with g = exp{9^Tj/2), 9^ 
real that fj = —tj. Therefore the orthogonal matrix, using tr(M"^) = tr(M), 

Oij{g) ■■= -^tT{gTig-^Tj) (5.3) 

is real. 

In conclusion we must impose the following adjointness relations on fi^ 

ih^)^ = {h^r^ and (f^^)t = (5.4) 

where the first identity has to be understood in the sense that one should write the function 
in terms of h^. and then replace it by he- No operator ordering problems arise since the /i^^ are 
mutually commuting. As advertized, we will choose the h^^ as multiplication operators with 
values in G. As G is compact, these operators are bounded and thus they are defined, together 

with (/;,~i)^-^, everywhere on Ti^ so that there are no domain questions at all in the definition 
of {he^y . The second identity in (|5^) says that Pj is a self-adjoint operator and in order to 
settle the domain question we will determinine an explicit core of essential self- adjointness 
for all the P,^. 

Let us choose as := C°°{C^) where we consider as a Banach manifold modelled on 
■j^dim(G)|£;{7)| gjjjiiiar as for M^. Then we choose the following action of the basic operators on 

{Pjmhe'}) := f (X|/,)({/.e4) (5.5) 

where Xj = X{he)j, X{g)i := ti{{TjgYd/dg) denotes the right invariant vector field on G (the 
generator of left translations). First of all, the operations ( |5.5| ) leave T)^ obviously invariant. 
Next we have the Lie algebra of vector fields on G given by [Xj, X^] = —2fjk ^Xi and it is easy 
to see that with this choice the commutation relations ( |5.1| ) are identically satisfied. 
The direct product structure of shows that we may choose 

(i/i^({/le}ee£;(7)) = ®e€E('y)dfieihe) 



and in order that the adjointness relations ( p.4|) be satisfied it will be sufficient to choose fXe = Hg 
for all e G -£^(7). Let Hq = L2{G, djic), then we must establish the symmetry property 



< >G= t [ dliG{h)f{h){X,f){h) =< tX.fJ' >G 

•J G 



(5.6) 



for all /, /' G C°°{G). Notice that V{X^), the set of elements / G Tic for which the map 
ip f— ^< fjiXjip > defines a continuous linear functional on 'DlX) = C'^{G), certainly contains 
'D{X) so that ( |5.6| ) implies symmetry. 

Now Xj generates left translations and dG = 0, thus, if we choose the measure fic to be left 
invariant we are done provided we can establish that the expression for Xj is real valued. For 
compact groups the only solution is, up to a normalization, fic = fJ'H, the Haar measure on G 
which is simultaneously left and right invariant and normalized, < 1, 1 >g= 1- To see that the 
expression for Xj is real we perform the following calculation : 

</,X,/'>G = f diXHih)W)i fie'^'^'h) 
Jg att=o 

= ^ [ df^Hih)J{h)f'ie'-^/'h) 
att=o JG 



dtt=o Jg 
d 



I / dMh)f{e'-^/'h)f{h) 
dtt=o JG 

<X,f,f>G (5.7) 



as claimed. 

Finally, to see that iXj is essentially self-adjoint with core T'^X) = C°°{G) we show that [Xj ± 
idT^gjl^G is dense in Hg (basic criterion of essential self-adjointness). The proof is simplified 



through an appeal to the Peter&Weyl theorem l^g : the Hilbert space Hg is the completion of a 



countable orthogonal sum of finite dimensional Hilbert spaces where vr runs through the set 
of equivalence classes of irreducible representations of G. A complete orthonormal basis of Ht^ 
is given by the functions y/d^Hmnih) where d.,^ is the dimension of the representation and TTmm' 
denotes the matrix elements of an abrbitary but fixed representant of that equivalence class. 
These functions obviously belong to 'D{X) and finite linear combinations of such functions are 
still in T>{X). Thus, the finite linear combinations of such functions belong to the domain, 
®^H^ C V{X). 

Next, it is easy to see that Xj preserves Hj^. Denote by XJ the restriction of Xj to Ht^ 
then iXJ is a symmetric operator on the finite dimensional Hilbert space H-,^ and therefore 
self-adjoint on H-,^ with domain given by all of H-,^. By the basic criterion for self-adjointness, 
[XJ ± IjT^TT = Hj^. The proof is then complete with the observation that 

[X, ± 1] H^ = ®.{[X^ ± m.) = ®^H^ C [X, ± l]V{X) 



^ Hg = ®.H^ C [X, ± l\V{X) c Hg (5.8) 

Remark : 

To see that XJ does not have real eigenvectors in a more elementary way, recall that {XjY = 
— < is the Laplacian on G. 

In conclusion the (possibly infinite) tensor product of Hilbert spaces 

Hy := ®eeE(7)'^e = -^2 (C^ , '^/^07 = ®e(^E{'y)d^le) (5.9) 

where each of the He is isomorphic with L2{G, dfin) is a faithful representation of the canonical 



commutation relations (|5.1| ) and of the adjointness relations (|5.4| ). Moreover, given the action 



(|5.5|), it is easy to see that the product Haar measure /lo^ is the unique solution, that is, any 



other measure fi-y which is regular with respect to it must be a constant multiple of it. Notice 
that infinite products of probability measures are well-defined and a— additive probability mea- 
sures by the Kolmogorov theorem |5^. Much more will be said about infinite tensor products 



of Hilbert spaces in the first reference of P| . 



We now must quantize various functions on M^. It is at this point where our detailed analysis 
becomes crucial : while in the continuum theory important functions such as the Gauss con- 



straint (O) are written as integrals over polynomials of the field variables A{x), E{x) at the 
same point, that is, not as polynomials of the smeared functions F{A), E{f), the functions on 

are polynomials of the basic observables he, which are already smeared. Thus, while the 
quantization of, say, G(A) on (M, f2) can possibly produce UV divergent objects, the quantiza- 
tion of G.y{h) on (M^, cannot suffer from such problems. (Of course, in both cases factor 
ordering problems might appear but in the latter case this is only an ambiguity and not the 
source of a divergence). One might think that problems occur when taking the limit 7 ^ S, 
but as we will show, this does not happen. 

On the other hand, in both cases we can still have IR divergencies. However, again, from 
our point of view this is not a problem at all ! Namely, our operator is densely defined, that is, 
it is an unbounded operator defined on a dense domain. This dense subset of the Hilbert space, 
however, does not contain states with infinite volume. Nevertheless it is possible to deal with 
this situation appropriately |^4[. In contrast, the perturbative quantization of general relativity 



is based on a cyclic vector with infinite volume and therefore IR divergencies necessarily occur. 

Let us then quantize the Gauss constraint G^(A). We choose to order the momentum 
variables to the right of the configuration variables and obtain 

G,{K)= 5: [A^(e(0))5,,-A*(e(l))O,,(M]^' (5.10) 

ee-B(7) 

Let us check that there are no quantum anomalies. First of all we compute the classical 
constraint algebra. We have 

{0,,{h)P„Oui{h)Pi}G = {0,,{h),OM{h)Pi}GPj = OM{h){0,,{h),Pi}GPj (5.11) 

= j^OM{hM^hT,h-'T, - hT,h~'^T,)Pj = -f,i "'Oui{h)0„n{h)Pj 



Now since 

we have the identity 



hnh'^ = Adh ■ r, = 0,j{h)rj (5.12) 



[Adh ■ Ti, Adh ■ Tj] = Oik{h)Oji{h)[Tk, ti] = Adh ■ [r^, tj] 

0,u{h)0,i{h)fui'^ = f-^.^Oumih) (5.13) 

which, when inserted into ( |5.11| ), gives 

{0,,{h)P„ OM{h)Pi}G = -fin. 'OM{h)OUh)P, = f^k ""O^j^P, (5.14) 

or, recalling ( [4. 101) , 

{Pr,Pf% = 5^^'f,,'P^' (5.15) 

which is the algebra of left invariant vector fields on G (notice the relative minus sign as com- 
pared to (lOel) . 

Thus, since the Pf,Pj' Poisson commute by definition of the matrix Oij = —Mij we immedi- 
ately get with 

G,{A)= Y: E E Pt] (5.16) 

veV{-y) e{0)=v e(l)=-« 

that 



{G,(A),G,(A')},= E ^\v)A^'iv)f,,''[- E Pk + E Pr] = -G,([A,A']) (5.17) 

v<^V{-y) e{0)=v e{l)=v 



as desired because we infer from ( [4 .21 ) that the continuum Poisson algebra is given by (use the 
Jacobi identity) 



{{Eif), G(A)}, G{A')} - {{Eif), GiA')}, G(A)} = {Eif), {G(A), G(AO}} 
= Ei[A', [A, /]] - [A, [A', /]]) = Eilf, [A', A]]) = -{Eif), G([A, A'])} (5.18) 

Thus, the algebra (|5.171 ) converges to ( |5.18|) by ([4.13|) . 
Now, it follows trivially from ([5.1|), ( |5.10| ) that 

[G'^(A), G^{A')] = th{-G^{[A, A'])) (5.19) 

as required. 



Let us summarize : 

We started with a continuum phase space (M, Q) and derived from it a discrete phase space 
(My,n^) for every graph 7. We also showed that {M,Q) is the pointwise limit of {M^,Q^) as 
7 ^ S. Next, we took the Gauss constraint G{A) which is a function on M and derived from 
it a function G^{A) on which again converges pointwise to G{A). Moreover, the Poisson 
algebra of the G^{A) with respect to Q-y closes for every fixed 7 and converges pointwise to the 
Poisson algebra of the G{A). Finally, we quantized the G^(A) and obtained an anomaly free 
algebra of quantum constraints G'-y(A). Then two questions remain : 

1. ) Does this structure provide us with a quantization of G{A) as well ? That is, can we find 
an operator G{A) densely defined on all of 7i and not only on such that 

G(A)/, = G,(A)/, (5.20) 

for every function cylindrical over a graph 7 ? 

2. ) If G{A) exists, does its classical limit coincide with the classical function G(A) ? 



It is easy to see that the first question can be answered affirmatively : 

Namely, in order that ( |5.2(]| ) holds it is sufficient to show that the family of operators G^{A) 



is consistently defined. But this is trivially the case because we defined a function to be cylin- 
drical over 7 if and only if it is a finite linear combination of spin-network functions which by 
definition depend non-trivially on the holnomy along each of its edges (that is, each edge is 
labelled with a non-trivial irreducible representation of G). Thus, if we superpose /-y, /y with 
7 7^ 7' then G{A)[fy + fy] := G^(A)/^ + Gy{A)f'y. It is also easy to see that this definition 
leads to the constraint algebra 

[G(A),G(A')]=^/i(-G([A),A']) (5.21) 



by ( |5.19| ) since Gy{A) preserves Ti^. Thus, G{A) exists and defines a consistent quantum 



constraint algebra. 
[2.] 

To address the second question we first of all notice that we have shown that 

G(A) = lim[lmiG,(A)] (5.22) 

where the inner bracket has been demonstrated actually only by the usual "quantization rule" . 
A rigorous proof will be given elesewhere see also below for a sketch. The outer limit 



is to be understood pointwise on M. 

What we would like to establish now is the existence of the opposite limiting procedure, 
that is 

G(A) = lim[^imG,(A)] (5.23) 



We will understand the inner bracket to be the operator G'(A) defined in ( p.l9| ) through the 
self-consistent family of projections G'^(A). 

We can then rigorously define the limits (|5.22| ) and ( p.23[ ) as follows : 



Let V'^^m be a coherent state, explicitly dependent on Planck's constant, peaked at the point 
m G M (a smooth field configuration) in the following sense : For each graph 7 and its associ- 
ated dual decomposition consider the values of the holonomies and momenta he{m), P^{m) 
respectively. Then the operators he,P'^ have expectation values hf.{m),P^{m) in the state ip'!^ 
respectively and satisfy a minimal uncertainty condition. 



Let now 7^ be the family of graphs defined in section |3.2.3| . We then consider the expectation 
values 

^^(A,^^) :=< <,^,G,„(AX,^ (5.24) 
Notice that by definition of the Hilbert space Ti and the operator G(A) also 

G'^(A,m) =< <,„,G,„(AX,^ > (5.25) 
Then the limit (|5.22|) means that 



G(A, m) = lim [ lim G(j(A, m)] (5.26) 

where now the inner limit is taken at fixed m, n and is meant in the sense of complex numbers. 
The limit ( |5.23| ) on the other hand means that 

^(A, m) = lim [ lim G^{A, m)] (5.27) 

h^oo n^oo 

and will be much more difficult to check for a more general operator because the h corrections 
of the inner bracket might not converge. In our case, however, both limits are immediate and 
in fact reproduce G{A) as we will show as an example in the first publication of pi|. 



To conclude, we have shown that there is an anomaly-free quantization of the Gauss con- 
straint on the continuum Hilbert space 7i with the corrrect classical limit. The limit (|5.22|) says 
that the regularization procedure is meaningful while the limit ( ^.23|) shows that the regulator 



can be removed without picking up divergencies and such that we obtain the correct classical 
limit. 



6 Non-Commutativity Issues 



The authors of [45 considered the following classical functions on (M, fi) 



E{S,f) 



(6.1) 



where S is an oriented smooth (D-l)-dimensional submanifold of S and /' G S. Notice that 
E{S, f) in contrast to our P{S) of ( |3.15| ) is not gauge covariant for any choice of / and that 
P{S) 7^ E{S, f) since P{S) depends exphcitly on both A and E while ( p.l[ ) depends only on 
E. 

In order to compute the Poisson brackets among the E{S, /) induced by the symplectic 
structure Q one should introduce, as in section |3.2.3| , a one parameter family of surfaces t \—>- 
St, t G [—1, 1], Sq = S and smooth regulator functions ge(t), lim^^Q g^(t) = 6{t). One obtains 
regulated quantities 



E,{S,f) := / dtg,{t) 



-1 



dMx*f:E:){x) 



(6.2) 



at the aid of which we compute the Poisson brackets 



{EiS, /), EiS', /')} := \im{E,iS, /), = (6.3) 



+0 



by O. 

The authors of ||4^ now proceeded as follows : 



Since, according to the symplectic structure of fi, we formally have {E°-(x), Al{y)} = S^S-- S^^^ (x, y), 
they represented the operator E^{x) by the functional derivative i5/5A\{x) defined on func- 
tions of smooth connections, substituted this derivative into (|6.1|) , applied it to functions of 
holonomies of smooth connections over a graph 7 and extended the final operator to distribu- 
tional connections. The result is the following : 

Without loss of generality we can subdivide the graph sufficiently and orient all the edges of 
7 in such a way that any edge of 7 belongs to one of the following four categories : i) efl S' = 0, 
ii) e n S" = e, iii) e n = e(0) and e lies on the "up" side of S* or iv) e D S" = e(0) and e hes 
on the "down" side of S. Notice that in case iii),iv) the edge is allowed to be tangent at e(0). 
Denote the subset of edges belonging to category iii) and iv) respectively by -^5(7) and -E'|(7) 
respecively and the subset of vertices in fl (£"5(7) U £'5(7)) by Vsij). Then 

E{SJ)f, = ^n E ^[ E E Xnf, (6.4) 

peVsi-y) e{0)=p,e€E^{-y) e(0)=p,eeS|(7) 

where again Xf denotes the right invariant vector field on the e'th copy of G. The expression 
(|6.4| ) defines a self-consistent family of operators Ej{S,f) defined on (a dense subset of) H^. 
The non-commutativity becomes now obvious by choosing for instance S = S' so that 

[E{SJ),E{SJ')]f, = h' Y: ' E (6-5) 

and even worse, one cannot write the right hand side as E{S, [/, /']) ! 

These problems can be overcome as follows : 
Partition the surface 5* into disjoint open pieces Sp carrying the same orientation as S such 
that p is the only point of Vsi^) lying in Sp and Upgyg(^)5'p = 5* modulo boundary points. For 
each e G E^{^) or e e Eg{'y) respectively, deform Sp in an arbitrarily small neighbourhood of 
p into the direction of e to a surface Sg which intersects e transversally in an interior point of 
e but no other edge of 7 and which carries the same or opposite orientation as Sp. Obviously, 
these surfaces qualify as part of a dual decomposition of 7. We can now construct from these 
data the following function on M which can also be considered as a function on 

E,iSJ):= E nP)[ E P^— E Pn (6-6) 

peVs(7) e{0)=p,e£E^{y) e{0)=p,eeE^{'y) 

which obviously has classically nothing to do with E{S, /). Nevertheless, the results of section 
D tell us that its quantization exactly agrees with (|6.4|), moreover, the algebra of operators of 
this kind refiects precisely the symplectic structure which is derived from Q. 

In conclusion, we have demonstrated that the family of operators ( |6.4| ) can be considered as 
bona fide quantizations of a family of classical functions which do not Poisson commute with 
respect to Q and therefore the apparent contradiction between classical Poisson bracket algebra 



and quantum commutator algebra pointed out in [45| evaporates. 



The discussion of this section seems to reveal that not only there is ambiguity in quantiz- 
ing a given classical functions due to the always existing possibility to add h corrections, but 
also vice versa that there is an ambiguity in taking the classical limit, in the sense that one 



and the same operator can be considered as a quantization of two different classical functions. 
However, this is not the case if we insist that we begin with a classical phase space and operators 
have to have a commutator algebra reflecting the classical Poisson bracket algebra. From this 



point of view, the functions (|6.1|) must not be considered as classical limit of the operators (|6.4| ) 
! One can still argue that the S"^ are quite arbitrary and that the classical limit is therefore 
not really well defined, but as already said before, a well-defined classical limit can only be 
expected in the limit of 7 — S in a definite way in which the arbitrariness of the S"^ is lost. 

Besides, the functions (|6.4| ) are unphysical already from the point of view of the Gauss con- 
straint : it is impossible to build from them gauge invariant observables except in the limit of 



infinitesimal faces where they have been used to build geometrical operators [IC, 18, 19, pO|| . 
However, in that limit we get anyway E{S, f) P{S'^)if\e{0)) so that one can equally well 
construct these operators from the P{S'^)i and so there is finally complete agreement between 
all the results previously obtained in the literature and our approach. 
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A The Symplectic Structure for G = SU{2),U{1) as a 
Two- Form 

Let us first fix our conventions : 

For a p— form oj = Ua-^^^apdx'^'^ ®..®dx'^p = Ua^,,apdx'^^ A..Adx'^p on a finite dimensional manifold 
M with ujai..ap = ^[ai..a ] we define exterior differential, interior products with vector fields v 
and Lie derivatives respectively by 

duj = daUJa^„apdx'' Adx"^ A .. Adx""^ (A.l) 
i^u = pv''uOaa^..ap.^dx''^ A .. A dx"^'^ (A.2) 
C^oj = [iyd + d i^]uj (A. 3) 

Let now {M,Q) be a finite dimensional symplectic manifold and / G C°°{M). We define the 
Hamiltonian vector field x/ of / by 

i^fn + df = (A.4) 
and the Poisson bracket oi f,g E C°°{M) with respect to Q by 

{/, 9} ■■= -ixfHo^ = Xfig) = ixfdg (A.5) 

If n = dQ is exact then is called a symplectic potential for Q. Here is a quick method of how 
to go backwards from { . , . } to Q : 

Introduce local coordinates 2;" on M and corresponding tensor components Q = \VLaf}dz°' A dz'^ 
and define by O^T^^/j = 5^ the inverse tensor. Then the Hamiltonian vecor field of any function 
/ is given by QP'^dpf . Thus {2", z^} = Q'^^{dsz°'){d.yZ^) = —Q°'^ and so we just have to invert 
the matrix of Poisson brackets to obtain Q. 

The reader may verify that with our conventions the symplectic potential O = pdq of 
M = T*1R leads to {p, q} = 1. 

A.l U{1) 

The Lie algebra of U{1) is spanned by i (imaginary unit) and is therefore Abelian. Let /i G t/(l) 
be a complex number of modulus one. We want to compute the symplectic structure f2 on M = 



T*U{1) corresponding to the brackets {h,h} = = {p,p}, {p,h} = Let = p,z'^ = h, 
then fi"^ = —ihe"^/2 where e"^ is the completely skew tensor density of weight one. Thus 
fla/B = '2€ai3/{ih) and Q = 2dp A dh/{ih) = —2idp A d ln{h) which equals 2dp A dip locally if we 
write g = exp{i(p). Q is real and exact with symplectic potential G = —2ipd\n{h). 



A.2 SU{2) 

This time there is considerably more work involved and we will only sketch the main steps. 

Recall the following normalization conditions for our generators tr(rjrj) = —26ij, [Ti,Tj] = 
2eijkTk (for instance r,- = —icTj the later being the standard Pauli matrices). Let us introduce 
the following global group coordinates 

S := tT{h), T := ii{Tih) (A.6) 

then h = {S — TVj)/2 and we have the following relation 4 — S*^ = (T*)^. Thus, instead of 
working with 5, we can work with e, T* where e = 5'/|S'| = 0, ±1 is a discrete parameter. 



From ( |3.24|) - ( p.26|) we compute the fundamental Poisson brackets 



(fi-i)J'= := {T^ T^} = {e, e} = {T\ e} = 
{p„e} = 

(fi^^)jfc := {Pj,Pk} = -^jkiPi (A. 7) 

and certainly j = ^. Thus, our task is to invert the 6x6 matrix VL~^ defined 

in ([A. 71). We do not worry about the discrete parameter e which Poisson commutes with 



everything in what follows. 

Let us introduce the 3x3 matrix A(t') defined for every vector v by A(f )jj := eijkV^. Let 
also 2" = T'',a = 1,2,3; = Pa-3,cx = 4,5,6 and fi"^ := (n-^)'''^ = {z'^^z'^}. Then is 
explicitly given by 

-2[sh-A{T) 2A{p) ) ^^-^^ 

Thus, the 6x6 matrix decomposes into four blocks of 3 x 3 matrices. For the matrix Q we 
now make a similar block matrix ansatz 

4)) 

and study the relations that we obtain from = Ig for the vectors a, c and the 3x3 matrix 

B. Using the relations A{U)A{v) = v ®u — {u,v)l-i one finds after very lengthy calculations 
tliG result 

1/ 2[A(p) + lMl] 5l3-A(T) + ^\ 

2 1^ -5I3 - A(T) - ^ j ^^-^^^ 

The matrix ( |A. 10| ) is singular at S* = but we will see that this is merely a coordinate singularity 
by simply working out VL = ^Q^/sdz"' A dz^. The result is 

Q = ^[{A{p) + ^®^~^®^ ),,dr A dT^ + {SU - A(T) + ^^), ^dT A dp^ (A.ll) 
and we find the following global symplectic potential (so = d<d is exact) 



= ^PjieijkTkdTi - SdT^ + T^dS) 



(A. 12) 



from which regularity is obvious. We also find the following locally defined momentum conjugate 
to T' 

vTi = -{eijkTk - S5ij + -^)Pj (A.13) 

and indeed after lengthy calculations using (|A.7|) we find that {T\ T-'} = {tTj, -kj} = 0, {pi, T^} = 
Sj. Clearly, 7rj,T* can only be local Darboux coordinates otherwise we would have displayed 
T*SU (2) = T*S^ as T*B^ where is a solid ball in (we are missing the discrete information 
coming from e). 

The form ( |A.12|) could be the starting point of symplectic reduction of (M^, Q^) by the Gauss 
constraint G^{A) at the classical level already using methods from geometric quantization which 
has not been done so far in the literature to the best of our knowledge. However, the manifold 
My reduced by is rather singular except in the case of only one copy of G and therefore is 
unattractive. 
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